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Abstract. We introduce and study the space cSCurr(i^jv) of subset currents on the 
free group F{f, and, more generally, on a word-hyperbolic group. A subset current on 
Fpf is a positive Fjv-invariant locally finite Borel measure on the space Cjv of all closed 
subsets of 9Pjv consisting of at least two points. The well-studied space Curr(Fjv) of 
geodesies currents, positive Fjy-invariant locally finite Borel measures defined on pairs 
of different boundary points, is contained in the space of subset currents as a closed R- 
linear Out{Fjv)-invariant subspace. Much of the theory of Curr{Fjv) naturally extends 
to the cSCurr(i^jv) context, but new dynamical, geometric and algebraic features also 
arise there. While geodesic currents generalize conjugacy classes of nontrivial group 
elements, a subset current is a measure-theoretic generalization of the conjugacy class 
of a nontrivial finitely generated subgroup in Fff. If a free basis A is fixed in Fjv, 
subset currents may be viewed as Fjv-invariant measures on a "branching" analog 
of the geodesic flow space for Fjv, whose elements are infinite subtrees (rather than 
just geodesic lines) of the Cayley graph of Fjv with respect to A. Similarly to the 
case of geodesies currents, there is a continuous Out(i<jv)-iiivariant "co-volume form" 
between the Outer space cvjv and the space <SCurr(Fjv) of subset currents. Given a 
tree T £ cvjv and the "counting current" r]H £ cSCurr(F]v) corresponding to a finitely 
generated nontrivial subgroup H < Fjy, the value {T,rijj) of this intersection form 
turns out to be equal to the co- volume of H, that is the volume of the metric graph 
Tjj/H, where Tjj C T is the unique minimal H-invariant subtree of T. However, 
unlike in the ease of geodesic currents, the co- volume form evjv x SCurr(i<jv) — > [0, oo) 
does not extend to a continuous map cvjv x <SCurr(_Fjv) — > [0, oo). 
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1. Introduction 

Geodesic currents were introduced in the context of hyperbolic surfaces by Bonahon in 
the papers |11[ 112] where they were used to study the Teichmiiller space and mapping class 
groups, with various applications to 3-manifolds. In the context of free groups, geodesic 
currents were first investigated by Reiner Martin in his 1995 PhD thesis [S7|, but have 
only become the object of systematic study in the last five years, leading to a number of 
interesting recent applications and developments. 

A geodesic current may be thought of as a measure-theoretic analog of the notion of 
a conjugacy class in the group, or of a free homotopy class of a closed curve in the sur- 
face. More formally, a geodesic current on a free group is a positive Borel measure 
on d^Fpj := {{x,y) G dF^^ x dF^ : x y} which is locally finite (i.e., finite on com- 
pact subsets), Jtv- invariant and invariant with respect to the "flip map" B^Fm — d^F^, 
{x,y) I— {y,x). Equivalently, it is a positive Borel locally finite _FV-iiivariant measure on 
the space of 2-element subsets of dF^- 

This paper is devoted to the study of a natural generalization of the space of geodesic 
currents obtained by replacing the space of 2-element subsets of dF^ by the space €n of 
all closed subsets S C dF^ such that S consists of at least two points. The space <Zn 
has a natural topology given by the Hausdorff distance for the subsets of OFn, where 
OFn is endowed with the standard visual metric provided by any choice of basis in Fn 
(this topology is independent of the choice of the basis and coincides with the Vietoris 
topology). Similarly to the Cantor set dF^, the space ^Zn is locally compact and totally 
disconnected. See Subsection 13. II for details about the space €n- A subset current on Fjv 
is a positive locally finite Fjv-invariant Borel measure on C^Vj and we consider the space 
5Curr(i^7v) of all subset currents on F^ equipped with the weak-* topology and with the 
R>o-linear structure. 
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This definition naturally extends to the case where Fn is replaced by an arbitrary 
word- hyperbolic group, for details see Problem llO.ll below . 

The space iSCurr(i^Ar) of subset currents admits a natural Out(i^Ar)-action by IR>o-linear 
homeomorphisms, and the space of geodesic currents Curr(i^Ar) is canonically embedded 
in iSCurr(_F/v) as a closed Out(i^Ar)-invariant M>o-linear subspace. We show below that 
subset currents are measure-theoretic analogs of conjugacy classes of nontrivial finitely 
generated subgroups in _Fjv, with geodesic currents corresponding to cyclic subgroups, and 
we study this connection in detail. 

The space Curr(i^Ar) of all geodesic currents on Fn is a natural counterpart for the 
Culler- Vogtmann Outer space cvn, and the present paper explores deeper levels of this 
interaction in a more general context of subset currents. The Outer space cvat, introduced 
in [25^ , is a free group "cousin" of the Teuchmiiller space and consists of FAr-equivariant 
isomctry classes of free minimal discrete isometric actions of Fn on M-trees. Points of 
cvn may also be thought of as marked metric graph structures on Fn, see Section [5] below 
for details. The space cvn comes equipped with a natural Out(_FV)-action that factors 
through to the action on the projectivized Outer space CV^v (whose points are homothety 
classes of elements of cvjv). The closure cvn of cvat with respect to the equivariant 
Gromov-HausdorfF convergence topology is an important object in the study of dynamics 
of Out(i^Ar) and is known to consist of equivariant isomctry classes of all very small 
minimal isometric actions of Out(_F/v) on M-trees. The projectivization CVat of cvat is a 
compact finite-dimensional space analog to Thurston's compactification of the Teichmiiller 
space. Compared to the Teichmiiller space, the geometry of the Outer space remains much 
less understood. 

In this regard studying the interaction between the Outer space and the space of currents 
proved to be quite useful. This interaction is primarily given by the geometric intersection 
form or length pairing: in [45 Kapovich and Lustig proved that there exists a unique 
continuous map 

( , ) : CVAT X Curr(^Ar) ^ K>o 

which is Out(FAr)-invariant, M>o-homogeneous with respect to the first argument, M>o- 
linear with respect to the second argument, and has the property that for every nontrivial 
element g G Fn and every T G cvn one has 

(T,%) = ||.g|lT. 

Here ||.g||T = ^nixer dxix, gx) is the translation length of g with respect to T, and 
rjg G Curr(i<jv) is the counting current associated to g (see Subsection 12.41 for the def- 
inition). The set of scalar multiples of all counting currents is a dense subset of Curr(i^Ar), 
which in particular justifies thinking about the notion of a current as generalizing that 
of a conjugacy class. This approach provided a number of useful recent applications to 
the study of the dynamics and geometry of Out(F/v), such as the results of Kapovich and 
Lustig about various analogs of the curve complex in the free group case [iS] ; a construc- 
tion by Bestvina and Feighn, for a given finite collection of iwip elements in Out(FAr), of a 
Gromov-hyperbolic graph with an isometric Out(-F'Ar)-action, where these iwip automor- 
phisms act as hyperbolic isometrics; a result of Hamenstadt [35] about "lines of minima" 
in Outer space; the work of Clay and Pettet j21j on realizability of an arbitrary matrix 
from GL(N,Z) as the abelianization action of a hyperbolic iwip element of Out(_FV), and 
others (see, for example, [4ll|4a|4l|4g|4i|4a|4i[2l[2i[50l[5ll^ 

As noted above, in this paper we extend this framework in a way that allows us to 
study the dynamics of the action of Out(F/v) on conjugacy classes of finitely generated 
subgroups of Out(F/v) that are not necessarily cychc. 



4 



ILYA KAPOVICH AND TATIANA NAGNIBEDA 



In the context of subset currents, we similarly define, given a finitely generated non- 
trivial subgroup H < Fn, the counting current rjn G iSCurr(i^Ar). For the case where 
H = {g) < Fiq is infinite cyclic, we actually get rju = rjg- For a finitely generated nontriv- 
ial H < Fn, r]H G iSCurr(F/v) is defined (see Definition I4.3P as a sum of atomic measures 
on the limit set of H and its conjugates. It is then shown (see Theorem 14. 19p . that it can 
equivalently be understood in terms of the corresponding Stallings core graphs. 

If a free basis A is fixed in ^V, a convenient basis of topology is formed by cylinder 
sets. A subset cylinder SCylA{K) C £^ (see Definition 13.21 below) is determined by a 
finite non-degenerate subtree K of the Cayley tree Xa of Fn with respect to A, and it 
consists of all those S G €.n such that the convex hull of S in Xa contains K and such 
that every bi-infinite geodesic in Xa with both cndpoints in S which intersects X in a 
non-degenerate segment, enters and exits K through vertices of degree 1 in K. 

We develop the appropriate notion of an occurrence of a finite subtree K C Xa in a 
Stallings core graph A (see Definition 14.131) . Namely, an occurrence of in A is a locally 
injective label-preserving morphism from K into A which is a local homeomorphism at 
every point of K except for the terminal vertices of leaves of K. Apart from being a 
useful tool in dealing with counting currents, the language of occurrences in core graphs 
produces an interesting model of non-linear (that is, not based on a segment of Z) words, 
with a good notion of a subword (or "factor" ) in such a word. Studying such models is an 
active subject of research in combinatorics of words (see, for example, [2]). 

As noted earlier, in the context of Curr(Fjv), a basic fact of the theory states that the 
set of all rational currents, that is of all ]R>o-scalar multiples of the counting currents rjg, 
where g £ FN,g ^ 1, is a dense subset of Curr(i^Ar). Proofs of this fact are usually relying, 
in an essential way, on the "commutative" nature of the dynamical systems associated with 
Cutt{Fn). Thus, given a free basis A of -Fjv, one can naturally view a geodesic current 
on Fn as a positive shift-invariant Borel finite measure on the space of bi-infinite freely 
reduced words over A^^. Under this correspondence, the counting currents correspond 
exactly to the shift-invariant measures supported by periodic orbits of the shift map, and 
the density of the set of rational currents is then a consequence of classical results about 
density of periodic orbits. In the context of 5Curr(i^jv) the situation is considerably more 
complicated, since the symbolic dynamical systems corresponding to subset currents are 
no longer "commutative" in nature. Geometrically, a 2-element subset of dFjsf determines 
an infinite unparameterized geodesic line in the Cayley graph Xa of Fn with respect to 
a free basis A, so that a geodesic current may be thought of as an Jjv-invariant measure 
on the space of unparameterized geodesic lines in Xa- Similarly, an element S G Cat 
determines an infinite subtree Y C Xa without degree-one vertices, namely, the convex 
hull of S in Xa- Thus, once A is chosen, a subset current translates into a positive finite 
Borel measure on the space Ti{Xa) of infinite subtrees of Xa containing 1 £ F^ and 
without degree-one vertices. .FV-invariance of the current implies that the corresponding 
measure on Ti{Xa) is invariant with respect to the root change. The space Ti{Xa) may 
be viewed as a "branching" analog of the geodesic flow space for Xa , since its elements 
are infinite trees rather than lines. 

Recent results of Bowen [HI [15] and Elek 28 about approximability of such measures 
on the space of rooted trees are applicable to our set-up and allow us to conclude in 
Theorem 15.81 that the set {rr]H\r > Q,H < Fn is nontrivial and finitely generated} of 
rational subset currents is dense in iSCurr(_F7v). 

The notion of a subset current is related to the study of "invariant random subgroups" . 
If G is a locally compact group, an invariant random subgroup is a probability measure 
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on the space S{G) of all closed subgroups of G, such that this measure is invariant with 
respect to the conjugation action of G on S{G). 

The study of invariant random subgroups in various contexts goes back to the work 
of Stuck and Zimmer [62j and has recently become an active area of research, see for 
example [D [11 [ITl [26l [22l [30l |60l [Ml IM] ■ If G = i^Ar and A is a free basis of Fjv, one 
can view an invariant random subgroup on as a measure on the space of all rooted 
Stallings core graphs labelled by A, invariant with respect to root change. Note that the 
Stallings core graph corresponding to a nontrivial subgroup is never a tree, and, moreover, 
every edge in this graph is contained in some nontrivial immersed circuit. By contrast, as 
noted above and as we explain in greater detail in Subsection 15.21 below, a subset current 
on Fm can be viewed as a measure on the space Ti{Xa) of infinite trees which is invariant 
with respect to root change. We plan to investigate deeper connections between these two 
notions in a future work. 

In this paper we also construct (see Section [7]) a continuous Out(_F/v)-invariant co- 
volume form 

( , ) : cvat X 5Curr(F/v) M>o. 

It has properties similar to that of the geometric intersection form on geodesic currents, 
except that instead of translation length it computes the co-volume: for any T G cv^r and 
a nontrivial finitely generated subgroup H < Fn, we have (T,r]H) = vol(_ff \ Th) where 
Th is the convex hull of the limit set of H , and is also the unique minimal _ff-invariant 
subtree of T. For an infinite cyclic H = (g) < Fn we have ||(?||t = vo\{H \ Th) since 
in this case the quotient graph H \ Th is a circle. By contrast to the result of Kapovich 
and Lustig [45] for ordinary geodesic currents, we prove (Theorem 17.61 below) that for 
N > 3 the CO- volume form cv^v x iSCurr(FAr) IR>o does not extend to a continuous map 
cvat X SCutt{Fn) — M>o- 

For a finitely generated subgroup H < Fn, the reduced rank, rk(i7), is defined as 
max{rk(II) — 1,0}, where rk(H) is the cardinality of a free basis of H. It turns out that 
reduced rank uniquely extends to a continuous Out(i<jv)-invariant R>o-linear functional 
rk : iSCurr(_F/v) — ]R>o, such that for every nontrivial finitely generated H < Fn we have 
vh(riH) = rk(i/). As we note in Section [TUl there are likely deeper connections arising here 
with the study of intersections of finitely generated subgroups of free groups. 

More open problems regarding subset currents are formulated in Section [TOl We believe 
that subset currents exhibit considerably more interesting and varied geometric and dy- 
namical behavior than geodesic currents, and can provide new and interesting information 
about Out(i^7v)- Indeed, we hope this paper to serve as a starting point for investigating 
the space of subset currents in its different aspects, such as Out(-F/v)-related questions, 
connections with invariant random subgroups, connections to the study of ergodic prop- 
erties of subgroup actions on dF^ and their Schreier graphs (see |^), etc. 

We are very grateful to Lewis Bowen for illuminating and helpful conversations and 
to the referee for useful comments. The first author also thanks Patrick Reynolds for 
pointing out that for a fixed finitely generated subgroup H < Fn, the co- volume function 
cvat — >■ R>o,T I—!- ||i/||7', is not continuous on cvn. 

2. Outer space and the space of geodesic currents 

We give here only a brief overview of basic facts related to Outer space and the space of 
geodesic currents. We refer the reader to |251I40) for more detailed background information. 

2.1. Conventions regarding graphs. A graph is a 1-complex. The set of 0-cells of a 
graph A is denoted VA and its elements are called vertices of A. The closed 1-cells of 
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a graph A arc called topological edges of A. The set of all topological edges is denoted 
EtopA. We will sometimes call the open 1-cells of A open edges of A. The interior of 
every topological edge is homeomorphic to the interval (0, 1) C R and thus admits exactly 
2 orientations (when considered as a 1-manifold) . We call a topological edge endowed with 
the choice of an orientation on its interior an oriented edge of A. The set of all oriented 
edges of A is denoted EA. For an oriented edge e € EA changing its orientation to the 
opposite produces another oriented edge of A denoted and called the inverse of e. 
Thus ~^ : EA — ;> EA is a fixed-point- free involution. For every oriented edge e of A there 
are naturally defined (and not necessarily distinct) vertices o(e) G VA, called the origin 
of e, and t{e) S VA, called the terminus of e, satisiying o(e^^) t(e), t{e^^) = o(e). An 
orientation on a graph A is a partition EA = E^A U E~A, where for every e G EA one 
of the edges e, belongs to E~^A and the other edge belongs to E~A. 

An edge-path 7 of simplicial length |7|=n>linAisa sequence of oriented edges 

7 = 61,..., G-n 

such that t{ei) = o(ei+i) for i = 1, . . . , n — 1. We say that 0(7) := o(ei) is the origin of 7 
and that t{j) = f(e„) is the terminus of 7. An edge-path is called reduced if it does not 
contain a back-tracking, that is a sub-path of the form ee~^, where e € EA. 

To every edge-path 7 = ei, . . . , e„ in A there is a naturally associated continuous map 
7 : [0,n] — > A with 7(0) — 0(7) and j{n) = t{j). 

A graph morphism / : A — >■ A' is a continuous map from a graph A to a graph A' 
that maps vertices of A to vertices of A' and such that each open edge of A is mapped 
homeomorphically to an open edge of A'. Thus / induces natural maps / : EA — > EA' 
and f:VA^ VA' such that /(e'l) = (/(e)))-\ o(/(e)) = /(o(e)) and t{f{e)) = f{t{e)) 
for every e G EA. 

2.2. Markings. Let N > 2. We fix a free basis A = {a\, . . . ,a]v} of F/v. We also let 

Rm to denote the wedge of N loop-edges at a vertex xq. We identify with tti{Rn, xq) 
by mapping each € B to one of the loop edges m R^- We fix this identification 
Fn = t^i{Rn, xo) for the remainder of the paper. The graph Rn will be referred to as the 

standard, N-rose. 

A marking on Fj^ is an isomorphism a : F^ ^ 7''i(r), where F is a finite connected 
graph without degree-1 vertices. 

To each marking a we also associate a continuous map a : R^ ^ ^ such that a is 
a homotopy equivalence and such that a# = a. Two markings ai : Fn ^ 'ri(Fi) and 
a2 : -Fjv ^ 71"! (r2) are equivalent if there exists a graph isomorphism j : Fi — > F2 such 
that for the associated continuous maps Si : Rj^ — > Fi and a2 '■ Rn ^2, the maps jo Si 
and a2 are freely homotopic. We will usually only be interested in the equivalence class 
of a marking, and for that reason an explicit mention of a base-point in the graph F in 
the definition of a marking will almost always be omitted. 

If a : Fn ^ '''i(r) is a marking, then a defines an _F;v-cquivariant quasi-isometry 
between Fn and F (endowed with the simplicial metric, giving every edge of F length 
1). This quasi-isometry induces an F/y-equivariant homeomorphism OFn — > dT. When 
talking about markings, we will usually implicitly assume that OFn is identified with dF 
via this homeomorphism and write OFn = dT. 

Each marking a : Fn ^ provides a Hausdorff metric da on OFn as follows. For 

^, C G QFn, put daiCC) = 2^ where M is the length of the maximal common initial 
segment of the geodesic rays [a;o,0 and [a;o,C) in T. 

A metric graph structure on a graph A is a function C : EA — >■ (0, 00) such that 
£(e) = jC{e~^) for every e G EA. Equivalently, we may think of a metric graph structure 
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on A as a function L : Etop^ (0, oo). For an edge-path 7 = ei, . . . , e„ in A the C-length 
of 7 is £(7) := ELi-^le)- 

A marked metric graph structure on Fn is a pair (a, £) where a : ^ ""ilr) is 
a marking on _FV and >C is a metric graph structure on F. Two marked metric graph 
structures (ai : -Fjv ^ 7ri(Fi),>Ci) and (0:2 : Fn ^ 7ri(F2),£2) are equivalent if there 
exists a graph isomorphism j -.Ti ^ F2 such that j : (Fi,£i) — > (F2,>C2) is an isometry 
and such that for the associated continuous maps Si : Rn Fi and S2 : Rn — ^ F2, 
the maps j o Si and a2 are freely homotopic. Note that if (ai : Fn ^ 7ri(Fi),>Ci) and 
(q!2 : Fn ^ 7ri(F2),>C2) are equivalent marked metric graph structures on Fn then the 
markings Q!i,a2 are equivalent. 

2.3. Outer space. Let N > 2. The Outer space cvn consists of all minimal free and 
discrete isometric actions on Fn on M-trees (where two such actions are considered equal 
if there exists an i^^v-equivariant isometry between the corresponding trees). There are 
several different topologies on cvjv that are known to coincide, in particular the equivariant 
Gromov-Hausdorff convergence topology and the so-called length function topology. 

Every T G cvat is uniquely determined by its translation length function \ \.\\t ■ Fn — > R, 
where \\g\\T is the translation length of g on T. Two trees Ti,T2 € cvn are close if the 
functions ||.||ti and ||.||ti are close point- wise on a large ball in F^- The closure cvat of 
cvat in either of these two topologies is well-understood and known to consist precisely of 
all the so-called very small minimal isometric actions of Fn on R-trees, see [7] and [19]. 

The automorphism group Aut(-FV) has a natural continuous right action on cv^v (that 
leaves cv^r invariant) defined as follows: for T e cvat and ip e Aut(i^Ar) we have ||5||tip = 
II'/'(5)IIt, where g G -Fat. In terms of tree actions, Tip is equal to T as a metric space, but 
the action of Fn is modified as: g ■ x = ip{g) ■ x where x £ T, g ^ _F/v. It is not hard 

T(p T 

to see that the subgroup Inn(_Fjv) < Aut(i<jv) of inner automorphisms is contained in the 
kernel of the action of Aut (i^Ar) on cvat. Hence this action quotients through to the action 
of Out(_F7v) on CVAT, where cvat C cvat is an Out(i<jv)-invariant dense subset. The right 
action of Out(FAr) on cvat can be converted into a left action as follows: for T e cvat and 
ip £ Out(F/v) put pT :— Tp^^. 

The projectivized Outer space CYn = Pcva? is defined as the quotient cvat/ ~ where 
for Ti T2 whenever T2 = cTi in cvat for some c > 0. One similarly defines the projec- 
tivization CVat — Fcv^ of cvat as cvjv/ ^ where ^ is the same as above. The space CVat 
is compact and contains CVjv as a dense Out(_FAr)-invariant subset. The compactification 
CVat of CVAf is a free group analog of the Thurston compactification of the Teichmiiller 
space. For T £ cvat its '^-equivalence class is denoted by [T], so that [T] is the image of 
T in CVat. 

Every marked metric graph structure {a : Fn ^ 7ri(F),>C) defines a point in cvat as 
follows. Consider the universal covering tree X — T and let dc be the metric on X 
obtained by giving every edge of F the same length as the >C-length of its projection in 
F. Then X is an R-tree, and the action of Fn on X via a by covering transformations 
is a free minimal discrete isometric action on {X,dc)- Thus (X,dc), equipped with this 
action of -Fat, is a point of cvat. 

It is well-known that for two marked metric graph structures (ai : Fpj ^ 7ri(Fi),£i) 
and (0:2 : F/v ^ 7ri(F2),£2) we have {Ti,dcj^)ai = i^2,dc2)a2 in cv^v if and only if 
(ai, Ci) is equivalent to (q!2, C2). Moreover, every point of cvat comes from some marked 
metric graph structure on Fat. Namely, if T £ cvat, take F = Fat \ T and endow the 
edges of F with the same lengths as their lifts in T. Since the action of Fat on T is 
free and discrete, there is a natural identification Fat with 7ri(F), giving us a marking 
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a : Fn ^ on Fn- This yields a marked metric graph structure (a : Fn ^ 7ri(r),£) 

such that T — (F, dc)a in cvn- 

2.4. Geodesic currents. Let d^F^ '■= {{x,y)\x,y G dF^,! ^ y}. The action of Fn by 
translations on its hyperbolic boundary dF^^ defines a natural diagonal action of Fn on 
O^Fn- a geodesic current on F^ is a positive Borel measure on d^F^, which is locally 
finite (that is finite on all compact subsets), i^jy-invariant and is also invariant under the 
"flip" map d^FN ^ D^Fn, (x, y) ^ {y,x). 

The space Curr(F/v) of all geodesic currents on F^ has a natural M>o-linear struc- 
ture and is equipped with the weak-* topology of point-wise convergence on continuous 
functions. Any choice of a marking on Fn allows one to think about geodesic currents 
as systems of nonnegative weights satisfying certain Kirchhoff-type equations; see 00] for 
details. We briefly recall this construction for the case where Xa G cvn is the Cayley tree 
corresponding to a free basis A of Fn- For a non-degenerate geodesic segment 7 = [p, 9] 
in Xa the two-sided cylinder CylAij) C d^F^ consists of all {x^y) G d^F^ such that the 
geodesic from a; to ?/ in Xa passes through 7 = [p, q] . Given a nontrivial freely reduced 
word V G F{A) = F^ and a current ^ E Curr(F7v), the "weight" {v]^)a is defined as 
fj,{CylA{j)) where 7 is any segment in the Cayley graph Xa labelled by v (the fact that 
the measure fj, is i^jy-invariant implies that a particular choice of 7 does not matter). A 
current /i is uniquely determined by a family of weights {i''^'- f^) a) ^^p^ _^-f^y The weak- 
* topology on Curr(_F/v) corresponds to point- wise convergence of the weights for every 

V G Fn,V 1. 

There is a natural left action of Out(_FV) on Curr(_F/v) by continuous linear trans- 
formations. Specifically, let fi G Curr{FN), ip G Out(F;v) and let $ € Aut{FN) be a 
representative of (p in Aut{F]\[)- Since $ is a quasi-isometry of Fn, it extends to a homeo- 
morphism of OFn and, diagonally, defines a homeomorphism of O^Fn- The measure ifn on 
O'^Fn is defined as follows. For a Borel subset S C d'^FN we have {tpfj.){S) := fj,{^~^{S)). 
One then checks that ip^ is a current and that it does not depend on the choice of a 
representative $ of p. 

The space of projectivized geodesic currents is defined as PCurr(i^jv) = Curr(i^jv) — 
{0}/ ~ where /ii 112 whenever there exists c > such that 112 — c/ii. The -^-equivalence 
class of /i G Curr(_F/v) — {0} is denoted by [fi]. The action of Out(i^Ar) on Curr(FAr) 
descends to a continuous action of Out(FAr) on PCurr(_F/v). The space PCurr(F/v) is 
compact. 

For every g G Fn, 5 7^ 1 there is an associated counting current rjg G Curr(FN)- If A is 
a free basis of Fn and the conjugacy class [g] of g is realized by a "cyclic word" W (that is 
a cyclically reduced word in F(A) written on a circle with no specified base- vertex), then 
for every nontrivial freely reduced word v G F{A) — Fn the weight {v;r]g)A is equal to 
the total number of occurrences of v^^ in W (where an occurrence of z; in is a vertex 
on W such that we can read v in W clockwise without going off the circle). We refer the 
reader to [40] for a detailed exposition on the topic. By construction, the counting current 
r]g depends only on the conjugacy class [g] of g and it also satisfies rjg — rjg-i. One can 
check that for ip G Out(F/v) and g G FN,g 7^ 1 we have prig = ri^(^gy Scalar multiples 
crig G Curr(F/v), where c > 0, 5 G FN,g 7^ 1 are called rational currents. A key fact 
about Curr(F/v) states that the set of all rational currents is dense in Curr(F/v). The set 
{[% g G FN,g ^ 1} is dense in PCurr(FAr). 

2.5. Intersection form. In [45] Kapovich and Lustig constructed a natural geometric 
intersection form that pairs trees and currents: 
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Proposition 2.1. [45] Let N > 2. There exists a unique continuous map (, ) : cvn x 

Curr{FN) — >■ K>o with the following properties: 

(1) We have (T, ci/ii + 02^*2) = ci(r, /ii) + C2(T, ^2) for any T £ 'cvn, & 
Curr{Fiq), ci,C2 > 0. 

(2) We have {cT, /i) — c{T, /i) for any T G 'cvn, ji £ Curr{FM) and c > 0. 

(3) We have (Tcp,^) = {T,ip^) for any T G cuat, h € Curr{Fisi) and ip G Out{F]^). 

(4) We have (T, r/g) = II5I |t for any T G ctat anrf 5 G Fjv, 7^ 1- 

3. The space of subset currents 

3.1. The space Recall that for a HausdorfF topological space F, the so-called hyper 
space 'HiY) consists of all non-empty closed subsets of Y. The space T-LiY) comes equipped 
with the Vietoris topology^ which has the basis consisting of all sets of the form 

(f/i, Un) ^{Be niY)\B C f/i U ... UUn;Bn U, ^0,1 = 1, n}, 
where {Ui, Un} is a family of open subsets in Y. 

If y is a compact metrizable space, then the Vietoris topology coincides with the 
Hausdorff topology given by the Hausdorff distance between closed subsets of Y, and in 
this case 'H(F) is also compact (see e.g. [36], Chapter b-6). If Y is totally disconnected 
then is also totally disconnected. 

Definition 3.1 (Space of closed subsets of the boundary). Let > 3. We denote by €n 
the set of all closed subsets S C dF^ such that #5 > 2. Thus Cat C H{dFN) and we 
endow Cat with the subspace topology inherited from the Vietoris topology on T-L{dFM)- 

In view of the above remarks, the topology on £jv coincides with the HausdorfF topol- 
ogy given by the Hausdorff distance on C^r with respect to the metric da on dFiq 
corresponding to any marking a of Fm (see 12. 2[) . It is also not difficult to check directly 
that the topology on Ca? defined by the metric does not depend on the choice of the 
marking. 

The definition also straightforwardly implies that Ca^ is locally compact and totally 
disconnected. 

The condition that #5" > 2 is an important non-degeneracy condition for setting up 
the notion of a subset current, analogous to the assumption that ^ 7^ C for (^, Q G d^F^ 
in the definition of a geodesic current. 

The space Cat that interests us in this paper, is the complement in HldF^) of the closed 
subspace consisting of 1-element subsets {y}, y G dF^. 

It will be useful in our study of the space <SCurr(FAr) to understand the topology on 
£Af more explicitly. For this reason we describe the construction of "cylindrical" subsets 
in €n- 

Definition 3.2 (Cylinders). Let a : Fjy — > 7ri(r) be a marking on F/v, and let X = F be 
the universal cover of F. 

We give each edge of F and of X length 1, so that X can also be considered an element 
of cvjv. 

Let K C X he a, non-degenerate finite simplicial subtree of X, that is a finite simplicial 
subtree with at least two distinct vertices of degree 1. Let ei, . . . , e„ be all the terminal 
edges of K, that is oriented edges whose terminal vertices are precisely all the vertices 
of K of degree 1. (Note that n > 2 by the assumption on i^.) For each of the edges 
denote by Cylx{ei) C dFj^ the homeomorphic image of the subset in dX consisting of all 
equivalence classes of geodesic rays in X beginning with the edge . 
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Define the subset cylinder SCyla{K) to be the set {Cylx{ei), ■■■,Cylx{en)) C Cw- 
Thus for a closed subset S C dF^ with > 2 we have S £ SCyla{K) if and only if the 
following hold: 

(1) The subset S C dF^ is closed. 

(2) We have 

S C ur^iC2//x(e,). 

(3) For each i = 1, . . . , n we have 

Sf^Cylx{e^)^%. 

The following key basic fact is a straightforward exercise in unpacking the definitions: 

Proposition 3.3. Let a, V and X be as in Definition ] 3. SX Then 

(1) For every non- degenerate finite subtree K C X the subset SCyla{K) C SCurr{FM) 
is compact and open. 

(2) The collection of all SCyla{K), where K varies over all non- degenerate finite 
subtrees of X, forms a basis for the topology on C^v given in Definition \3.1\ 

Notation 3.4. Let X be a simplicial tree and let e be an oriented edge of X. Denote by 
g(e) the set of all oriented edges e' in X such that e, e' is a reduced edge-path in X. 
For any set B we denote by P+{B) the set of all nonempty subsets of B. 

The following simple lemma is key for the Kirchhofi-type formulas for subset currents 
(see Proposition 13.111 below) . 

Lemma 3.5. Let T, X , K a X be as in Definition \3.2\ and let ei, . . . , Cn be the terminal 
edges of K , as in Definition \3.2[ Then for every i = 1, . . . ,n we have 

SCyLiK) = UueP+(qie.))SCyUK U U). 

Proof. Fix i,l < i < n. It is obvious from the definitions that for every such nonempty U 
we have SCyla{K U C/) C SCyla{K) and hence the union of SCyla{K U U) over all such 
U is contained in SCyla{K). 

Let S G SCyla{K) be arbitrary. By the definition oi SCyla{K) we have Sr\Cylx{ei) ^ 
0. Let U be the set of all edges e 6 EX such that there exists a point £ S that contains 
the geodesic ray in X beginning with the edge-path [a, e). Then S C SCyla{K U U). 

It follows that 

SCyla{K) C UuSCylaiK U U) 

with U as required. We leave it as an exercise to the reader verifying that the union on 
the right-hand side in the above formula is a disjoint union. □ 

3.2. Subset currents. Observe that the left translation action of Fn on OFn naturally 
extends to a left translation action by homeomorphisms on C^r. We can now define the 
main notion of this paper: 

Definition 3.6 (Subset currents). A subset current on is a positive Borel measure /i 
on €x which is _FV-invariant and locally finite (i.e., finite on all compact subsets of Cat). 

The set of all subset currents on Fjy is denoted 5Curr(F;v). The space <SCurr(i^Ar) 
is endowed with the natural weak-* topology of convergence of integrals of continuous 
functions with compact support. 

Define an equivalence relation ^ on iSCurr(i^Ar) — {0} as: fi ^ fi' ii fi = cfi' for some 
c > 0, where /z,/Lt' G iSCurr(F/v) — {0}. For a nonzero fi G iSCurr(F/v) the ^-equivalence 
class of n is denoted be [fj] and is called the projective class of fj,. Put PvSCurr(i^Ar) = 
(iSCurr(Fjv) — {0}) / ^ and endow PtSCurr(i^Ar) with the quotient topology. 
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It is not hard to check (c.f. the proof by Francavigha [29] of a similar statement 
for ordinary geodesic currents on Fn) that the weak-* topology on 5Curr(FAr) can be 
described in more concrete terms: 

Proposition 3.7. Let a : Fn ■'''i(r) be a marking on Fn, and let X = T be the 

universal cover ofT. 

(1) Let fi, fin G SCurr{FN), where n — 1,2, ... . Then lim„_i.oo fJ-n — fJ- in S Curr{FN) 
if and only if for every finite non-degenerate subtree L'C of X we have 

lim finiSCyUK)) = fiiSCyUK)). 

(2) For each finite non-degenerate subtree K of X the function 

SCurr{FN) ^ M, fx ^ )i{SCyla{K)) 

is continuous on SCurr{FN). 

(3) Let ji G SCurr{FN). For e > and an integer M > 1 let U{M,e,fj,) be the set of 
all fi' G SCurr(F]\r) such that for every finite non-degenerate subtree K of X with 
at most M edges we have 

\fi'{SCyUK)) - fi{SCyUK))\ < e. 

Then the family {U{M,e,fj,) : M > 1, < e < 1} forms a basis of open neighbor- 
hoods for fi in S Curr{FN) ■ 

The following key observation follows directly from the definition of subset cylinders 
(see Definition 13.21 above) and from the fact that subset currents are _FV-invariant. 

Proposition-Definition 3.8 (Weights). Let a : Fn 7ri(r) be a marking on Fn, let 
X — T, and let K he a. finite non-degenerate subtree of X. Then for every element g £ Fn 
we have 

gSCyL{K) = SCyUgK) 

and 

(*) fi{SCyUK)) = fi{gSCyL{K)). 

We denote 

(X;/x)„ := fiiSCyLiK)) 

and call it the weight of K in /z. For a given finite subtree K of X, we denote the Fn- 
translation class of K by [K] (so that [K] consists of all the translates of K by elements 
of Fjv). We put 

([K];M)a (if;A^)a 

and call it the weight of [K] in /i. In view of (*), the weight ([A']; fi)a is well-defined and 
does not depend on the choice of K in [K]. It defines a continuous function on 5Curr(F;v). 

Corollary 3.9. Let a,T and X be as in Provosition \3.3\ Let K be a finite non- degenerate 
subtree of X . Then the function f : SCurr{FN) — 5" R given by f{fJ-) — {K;fi)a, where 
/i G S Curr{FN) , is continuous. 

Notation 3.10. Let a,r and X be as in Proposition 13.31 For every topological edge 
e £ Etop^ denote by e the subgraph of X = F consisting of any lift of e. By FAf-invariance 
of subset currents, the weight (e; iJ,)a depends only on fi, a and e and does not depend on 
the choice of a lift e of e to X. We thus denote (e; fi)a ■— (e; fi)a. 
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Proposition 3.11 (Kirchhoff formulas for weights). Let a : Fn — > T^ii^) be a marking 
on Fn, let X = T, and let K be a finite non-degenerate subtree of X with terminal edges 
ei, . . . , Bn, as in Definition \3.2[ Let fi G S Curr(FN) ■ Then for every i ~ 1, . . . ,n we have 

(★) {K■,^i)c.^ (^UC/;/i)„, 

in notations of\3.4\ 



Proof. The statement follows directly from Lemma 13.51 and from the fact that /i is finite- 
additive. □ 

Since the Borel a-algebra on €n is generated by the collection of all subset cylinders, it 
follows, by Kolmogorov Extension Theorem, that any i^^r -invariant system of weights on 
all the subset cylinders satisfying the Kirchhoff formulas actually defines a subset current: 

Proposition 3.12. Let a,T and X be as in Provosition \ 3.11\ Let ICr be the set of all 

finite non-degenerate simplicial subtrees of X and let 

^■.JCr^ [0, oo) 
be a function satisfying the following conditions: 

(1) For every K e ICr and every g G Fn we have "d^gK) — d{K). 

(2) For every K G /Cr and every terminal edge e of K we have 

d{K)= ^ d{K[JU). 

U£P+{q(e)) 

Then there exists a unique fi G S Curr{FN) such that for every K G /Cr we have 

d{K) = {K-ti)„. 

Proposition 3.13. The space SCurr{FN) is locally compact and the space ¥S Curr^F^) 
is compact. 

Proof. It follows from the definition of SCmi{FN) as the space of F^v-invariant locally 
finite positive Borel measures on €n that SCutt(Fn) is metrizable. Then to show local 
compactness it suffices to establish sequential local compactness of 5Curr(Fjv). 

Consider a marking a : Fn ^ 7ri(r). It is not hard to show, using Proposition 13. Ill 
Proposition 13.81 and a standard diagonalization argument for individual weights, that for 
every C > the sets 

{fi G SCmviFN) : ^ (e; fi)a, < C} 

and 

{fi G SCnrviFN) : ^ (e; ^i)a, = C} 

are sequentially compact. This implies local compactness of iSCurr(_Fjv) and compactness 
of P5Curr(i^w). □ 

Remark 3.14. Recall also that elements of Curr(F/v) are positive locally finite Fn- 
invariant Borel measures on the space of 2-element subsets in OFn which is clearly a closed 
FAT-invariant subset of €n. Hence the space Curr(FAr) can be thought of as canonically 
embedded in SCurr{FN), Curr(_F/v) C 5Curr(FAr), and it is not hard to see that Curr(F/v) 
is a closed subset of <SCurr(_F/v). Moreover, once the action of Out(FAr) on 5Curr(FAr) 
is defined in Section [5] below, it will be obvious that Cutt{Fn) is an Out(-Fjv)-invariant 
subset of 5Curr(F/v). For similar reasons PCurr(FAr) C PiSCurr(FAr) is a closed Out(FAr)- 
invariant subset. 
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4. Rational subset currents 

4.1. Counting and rational subset currents. Recall that for a subgroup H < G oi a. 
group G the commensurator or virtual normalizer GommQ{H) oi H in G is defined as 

CommaiH) := {g e G\[H : H n gHg-^] < oo, and [gHg-^ : H n gHg-^] < oo}. 

It is easy to see that CommG{H) is again a subgroup of G and that H < GommaiH). 

Suppose now that N > 2 and H < Fn is a nontrivial subgroup of Fn- The limit set 
A{H) of H in OFn is the set of all ^ S OFn such that there exists a sequence hn £ H, 
n > 1 satisfying 

lim hn= £, in i^AT U dFjM. 

n— ^oo 

We recall some elementary properties of limit sets. We see in particular that for every 
H < Fn,H ^Iwe have A(H) e Cat. 

Proposition 4.1. Let H < Fn be a nontrivial subgroup. Then: 

(1) The limit set A.{H) is a closed H -invariant subset of dFjs[. If H is infinite cyclic, 
A{H) consists of two distinct points; if H is not cyclic, A{H) is infinite. 

(2) For any ^ G A{H) the closure of the orbit in dFjq is equal to A{H). 

(3) For every g £ G 

A{gHg-^) - gA{H). 

(4) If H <Q < Fn then A{H) C A(Q). 

(5) Either H is infinite cyclic and A{H) consists of exactly two distinct points or H 
contains a nonabelian free subgroup and A{H) is uncountable. 

(6) Let T G cvff and let GonvT{A{H)) be the convex hull of A{H) in T, that is, the 
union of all bi-infinite geodesies in T with endpoints in A{H). Then GonvT{A{II)) = 
Th is the unique minimal H -invariant subtree of T . 

Another useful basic fact relates limit sets of finitely generated subgroups and their 
commensurators (see [52l |49] for details) . 

Proposition 4.2. Let H < F^ be a nontrivial finitely generated subgroup. For a subset 
Z C OFn denote Stabpj^{Z) {g G F^ ■ gZ = Z}. Then 

(1) 5'ta&F„(A(i7)) = CommF^iH) and [CommF,^{II) '■ H] < oo. 

(2) A{H) = A{GommF^{H)). 

(3) For Hi = CommF^iH) we have Gom,mF,^{Hi) = Hi. 

(4) Let L < i<jv such that H < L. Then [L : H] < oo if and only if L < CommG{H). 

(5) Suppose H = (g), where g £ F^^g ^ 1. Then H — GommF,^{H) if and only if g 
is not a proper power in i^jv; that is, if and only if H is a maximal infinite cyclic 
subgroup of Fjsi- 

Definition 4.3. Let H < F]y be a nontrivial finitely generated subgroup. 

(1) Suppose first that H = ComrriFKiH). Define the measure r]H on £jv as 

Hie[H] 

where [H] is the conjugacy class of H in F^. 

(2) Now let H < i^Tv be an arbitrary nontrivial finitely generated subgroup. Put 
Hq := ComruFfjiH) and let m := [Hf) : H]. Proposition 14.21 implies that m < oo 
and that Hq = GonrniF^iHo). Then put ry/j := mrju^. 

Lemma 4.4. Let H < Fn be a nontrivial finitely generated subgroup. Then rjn G 
SCurr{FN). 



14 



ILYA KAPOVICH AND TATIANA NAGNIBEDA 



Proof. It is enough to show that rjn G SGmr{FN) for the case where H — CommFj^{H). 
Thus we assume that H < Fn is a nontrivial finitely generated subgroup with H = 
CommFfi{H). Fix a free basis A of Fn and let X be the Cay ley graph of F^ with respect 
to A. 

Part (3) of Proposition 14. II implies that i^h is an i^Ar-invariant positive Borel measure 
on Cat. Thus it remains to check that riniC) < oo for every compact C C Cjy. Every 
compact subset of Ctv is the union of finitely many cylinder subsets. Thus we only need 
to check that 'qH{SCylx{K)) < oo for every finite non-degenerate subtree K oi X. After 
replacing K by its .FV-translate, we may assume that the element 1 G Fn is a vertex of K. 
Also, since r]H depends only on the conjugacy class of H, after replacing if by a conjugate 
we may assume that 1 £ Xh = Convx{^{H))- 

Recall from Proposition 14.11 that Convx{^{H)) — Xh is the unique minimal H- 
invariant subtree of X. Whenever g S Fn is such that gA{H) — A{gHg^^) G SCylx{K), 
we have 1 G Convx{A{H)) — Xh- Thus it suffices to show that the number of distinct 
translates gXn of Xh that contain 1 G Fn is finite. 

It is not hard to see, since by assumption 1 G Xh, that for g G Fn we have 1 G gXn if 
and only if 5 G V{Xh) C Fn- 

Since Xh is the minimal iJ-invariant subtree and H is finitely generated, the quotient 
H \ Xh is a finite graph. In particular H \ V{Xh) is a finite set. Every ii-orbit of a vertex 
of Xh is a coset class uH for some u G Fn ■ Thus there exists a finite set mi, . . . , u„i G Fn 
such that V{Xh) = {uih\h ^ H,l < i < m}. For g — Uih, where h ^ H, 1 < i < m, we 
have gXn = UihXn = UiXn- Thus indeed there are only finitely many translates of Xh 
that contain 1 G Fn- Therefore riH{SCylx{K)) < 00, as required. 

□ 

Definition 4.5 (Rational and counting currents). For a nontrivial finitely generated H < 
Fn, wc call rjH G iSCurr(i^Ar) given by Definition 14.31 and Lemma 14.41 the counting subset 
current associated to H. 

A subset current /i G iSCurr(_Fjv) is called rational if = rrjn for some r > and some 
nontrivial finitely generated subgroup H < Fn- 

Definition 14.31 directlv implies: 

Proposition 4.6. Let H < Fn be a nontrivial finitely generated subgroup and let H' = 
gHg^^ for some g G Fn - Then rjn = rjH' - 

The above statement has a partial converse: 

Proposition 4.7. Let H,H' < Fn be nontrivial finitely generated subgroups such that 
H = Commpj^(H) and H' — Commpj^(H') . Then rjn — rjH' if and only if [H] = [H']. 

Proof. We have already seen that if [H\ = [H'] then rjn — rjH' ■ 

Suppose now that r]H — Vh' ■ Choose a marking a : Fn 7ri(r) on Fn- Let X — T. 

Let K e ICr he such that A{H) G SCyla{K)- Since rjniSCylaiK)) < 00 and 
r]H'{SCyla{K)) < 00, Definition 14. 31 implies that only finitely many distinct i<jv-translates 
of A{H) and A(iJ') belong to SCyla{K). Let these translates be giA{H), . . - , g,nA{H) 
and fiA{H'), . . . , ftA{H'), with gi = 1. Thus we have m + t distinguished points in the 
open set SCyla{K). Since Cat is metrizable and Hausdorff, we can find an open subset 
V of SCyla{K) such that V contains exactly one of these m + t points, namely the point 
giA{H) = A{H)- Since the cylinder subsets form a basis of open sets for (Ln, there exists 
a finite subtree Ki of X such that A{H) G SCyLiKi) C V- Thus A(ff) G SCyLiKi) 
and no _Fjv-translate of A{H), A{H'), distinct from A{H), belongs to SCyla{Ki). Then 
riH{SCyla{Ki)) = 1. By assumption rjn = rjH' and hence rjH'{SCyla{Ki)) = 1. Thus, by 



SUBSET CURRENTS ON FREE GROUPS 



15 



definition of t/h' , there is a unique translate gA{H'), wfiere g £ Fn, sucli that gA{H') G 
SCyla{Ki). By the choice of i^i, the only F/v-translate of A{H), A{H') contained in 
SCyloAKi) is A{H). Therefore A{H) = gA{H') so that A{H) = gA{H') = A{gH'g~^). 

Since H = CommFj^{H) and gH'g^^ — ConimFj^{gH'g~^), Proposition 14.21 implies 
that 

H = StabpAHH)) = StabpAKgH'g-^)) = 9H'g-\ 
and [H] = [H'], as required. □ 

4.2. F-graphs. We need to introduce some terminology slightly generalizing the standard 
set-up of Stallings foldings for subgroups of free groups (see |lll|49j). That set-up usually 
involves choosing a free basis A of F^^ and considering graphs whose edges are labelled 
by elements of A^^ . Choosing a free basis A of Fn corresponds to a marking on Fjq that 
identifies Fm with the fundamental group of the standard A^-rose Rm- We need to relax 
the requirement that the graph in question he Rj^. 

Definition 4.8 (F-graphs). Let F be a finite connected graph without degree-one and 
degree-two vertices. A T-graph is a graph A together with a graph morphism r : A F. 

For a vertex x £ VA we say that the type of x is the vertex t(x) G VT. Similarly, for 
an oriented edge e G FT the type of e, or the label of e is the edge T(e) of F. 

Note that every covering of F has a canonical F-graph structure. In particular, F itself 
is a F-graph and so is the universal cover F of F. Also, every subgraph of a F-graph is 
again a F-graph. 

Note that for a graph A a graph-morphism r : A — ^ F can be uniquely specified by 
assigning a label T(e) G FT for every e G FA in such a way that T(e^^) — (T(e))^^ and 
such that for every pair of edges e', e' G FA with o(e) — o(e') we have o(T(e)) — o(T(e')) G 
VT. Thus we usually will think of a F-graph structure on A as such an assignment of 
labels T : FA FT. Also, by abuse of notation, we will often refer to a graph A as a 
F-graph, assuming that the graph morphism r : A — )• F is implicitly specified. 

Definition 4.9 (F-graph morphism). Let ri : Ai F and r2 : A2 — )• F be F-graphs. A 
graph morphism / : Ai — t- A2 is called a T-graph morphism, if it respects the labels of 
vertices and edges, that is if ti = T2 o /. 

Definition 4.10 (Folded F-graph). Let A be a F-graph. For a vertex x G VA denote by 
Lkj\(x) (or just by Lk{x)) the link of x, namely the function 

LkA{x) : FT Z>o 

where for every e G FT the value {LkA(x)) (e) is the number of edges of A with origin x 
and label e. 

A F-graph A is said to be folded if for every vertex x G VA and every e G FT we have 

(LkAix)) (e) < 1. 

If A is folded, we will also think of Lk^ix) as a subset of FT consisting of all those 
e G FT with [Lk^ix)) (e) = 1, that is, of all e G FT such that there is an edge in A with 
origin x and label e. 

The following is an immediate corollary of the definitions. 

Lemma 4.11. Let A be a T-graph and let t : A ^ T be the associated graph morphism. 
Then: 

(1) A is folded if and only if t is an immersion. 

(2) Suppose A is connected. Then A is a covering of T if and only if LkA^x) = 
Lkr{T{x)) for every x G VA. 
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(3) Let Ai,A2 be two T-graphs such that Ai is connected and A2 is folded. Let 
xi S V/S.I, X2 G V /S.2 he vertices of the same type x e VT. Then there exists at 
most one T -graph morphism f : Ai — >■ A2 such that f{xi) — X2- 

Definition 4.12 (F-core graph). Referring to Stallings' notion of core graphs, ^EV, we say 
that a finite F- graph A is a T-core graph if A is cyclically reduced, that is it is folded and 
has no degree-one and degree-zero vertices. 

Informahy, we think of F- core graphs as generahzations of cychc words, over the 
"alphabet" F. We need the following analog of the notion of a subword in this context: 

Definition 4.13 (Occurrence). Let K C T he a. finite non-degenerate subtree, considered 
together with the canonical F-graph structure inherited from F. Let A be a finite F-core 
graph. An occurrence of -fC in A is a F-graph morphism f : K ^ A such that for every 
vertex a: of if of degree at least 2 in we have LkK{x) = Lk^{f{x)). 

We denote the number of all occurrences of if in A by (if; A)r, or just (if; A). 

In topological terms, a F-graph morphism / : if — A is an occurrence of if in A if / 
is an immersion and if / is a covering map at every point x G if (including interior points 
of edges) except for the degree-1 vertices of if. That is, for every x G if , other than a 
degree-1 vertex of if, / maps a small neighborhood of x in if homeomorphically onto a 
small neighborhood of f{x) in A. 

Proposition 4.14. Let a : — > 7ri(F) he a marking on Fn and let X — T. As hefore 
fsee lS.l^) . let K-t denote the set of all non- degenerate finite simplicial subtrees of X . Let 
A be a finite T-core graph. Define • — R as 

^?A(if) := (i^;A)r 

for each if G /Cp. 

Then the function "(Ja satisfies the conditions of Proposition \3.12\ Thus there is a 
unique subset current /iA G S Curr{FN) such that for every if G JCa 

{K;fiA)a. - (if;A)r 

Proof. We will see later on that, for a connected A, the function i?a defines the counting 
current of a finitely generated subgroup of F^. However, we think it is useful to have a 
direct argument for Proposition 14. 14l 

It easily follows from the definitions that for every if G JCr and every g G Fn we have 
(if; A)r = (flif ; A)r. Thus we only need to verify that the condition (2) of Proposition l3T2l 
holds for i?A- 

Let if G /Cr and let e be a terminal edge of if , as in Definition [221 Consider the set of 
trees 

Q{K,e) ^ {K UU\U e P+{q{e))}, 
as in Notation l3.4l Thus each element of Q{K, e) is obtained by adding to if a nonempty 
subset U from the set of edges q{e). 

We now construct a function D from the set R of all occurrences of if in A to the set 
R' of all occurrences of elements of Q{K, e) in A. Put x :— t{e) G VK. 

Let / : if ^ A be an occurrence of if. Since A is a core graph, the vertex y = f{x) 
has degree bigger than 1 in A. Note that /(e~^) is an edge of A with initial vertex y. 
Put Uo to be the set of the labels of all the edges in A with origin y, excluding the edge 
/(e~^). Thus C/q is nonempty. Let U be the set of all edges in F with initial vertex x and 
with label belonging to Uq. Put if ' = if U J7, so that if' G Q{K,e). We now extend / 
to a morphism /' : K' — > A by sending every edge from U to the unique edge in A with 
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the same label and with origin y. Then by construction, /' is a F-graph morphism whose 
restriction to if is / and, moreover, LkK'{x) — Lk/^{y). Therefore /' is an occurrence of 
K' in A. We put D{f) - /'. 

This defines a function D : R ^ R' . By construction, this function is injective. More- 
over, D is clearly onto. Indeed, ii K' ~ KlJU ^ Q{K, e) and f : K' ^ A is an occurrence 
of K' in A then / := f'\K is an occurrence of ii' in A and D{f) — /'. Thus is a 
bijection, and hence R and R' have equal cardinalities. It follows that 

(if;A)r- (^Uf/;A)r, 

UeP+iq(e)) 

as required. □ 

Note that if A is a finite F-core graph with connected components Ai, . . . , A^, then 
each Ai is again a F-core graph and we have 

/^A = MAi H + fJ-Ak- 

We leave it to the reader to verify the following: 

Lemma 4.15. Let A be as in Proposition \4-l^ and assume that A is connected. Let A 
be an m-fold cover of A for some m > 1. Then fi^ = mfi^ 

4.3. Counting currents and F-graphs. We now want to relate the current constructed 
in Proposition 14. 141 to counting currents of finitely generated subgroups of Fn- 

Let a : Fjv 7ri(F) be a marking on F/v, and let X :— F. Recall from Subsection 
12.21 that OFn and dX are identified via the homeomorphism induced by a. Note that if 
S' e £jv, the fact that S has cardinality at least 2 implies that its convex hull Convx{S) is 
nonempty. Moreover, it is easy to see that Convx{S) is an infinite subtree of X without 
any degree- 1 vertices. Let us denote by T{X) the set of all infinite subtrees of X without 
degree-1 vertices. 

The following statement is an elementary consequence of the definitions and we leave 
the details to the reader. 

Proposition 4.16. Leta,T,X be as above. Then 

(1) For any S G Cat we have dConvx{S) — S and for any Y £ T{X) we have 
Y = Convx{dY). 

(2) The convex hull operation yields a bijection Convx '■ T{X) which is Fx- 
equivariant: for any S €n and g G Fx we have ConvxigS) — gConvx{S). 

(3) For any S d we have dConvx{S) = S and for any Y G T{X) we have Y = 
Convx{dY). 

Recall that if T G cvjv and if iJ < Fx is a nontrivial subgroup, there is a unique smallest 
_ff-invariant subtree of T denoted Th, and, moreover Th has no degree-one vertices. 
Propositions 14.161 14.11 and 14.21 easily imply: 

Proposition 4.17. Let a^T,X be as above. Let H < Fx be a nontrivial finitely generated 
subgroup and let Xh be the minimal H -invariant subtree of X . Then: 

(1) Xh G T{X) and Xh = ConvxiA{H)). 

(2) For any g G Fx, gXn = XgHg-i ■ 

(3) H = CommFM{H) if and only if StabF^iXn) = H . 

Convention 4.18 (F-core graphs representing conjugacy classes of subgroups of Fx)- 
Let a : Fx 7''i(F) be a marking on Fx, and let X :— F. Let H < Fx be a finitely 
generated subgroup and let Xjf be the minimal iJ- invariant subtree of X. Note that. 
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being a subgraph of F, the tree Xh comes equipped with a canonical F-graph structure 
Xh — > F (which is just the restriction to Xh of the universal covering map F — > F) which 
is F/v-invariant. Put A = H \ Xh- Then A is a finite connected graph without degree- 1 
vertices (by minimality of Xh); that is, A is a F-core graph. Moreover, A inherits a 
natural F-graph structure from Xh- 

It is easy to see, in view of part (2) of Proposition 14. 171 that the isomorphism type of 
A as a F-graph depends only on the conjugacy class [H] of H in F/y. Thus we say that A 
is the T-core graph representing [H]. 

We can also describe A as follows: A is the core oiT = H \ X, that is, A is the union 
of all immersed (but not necessarily simple) circuits in F. Thus A and F are homotopy 
equivalent, and A is obtained from F by "cutting-off" a (possibly empty) collection of 
infinite tree "hanging branches" . Also, A is the smallest subgraph of F whose inclusion in 
F is a homotopy equivalence with F. The labelling map r : A F satisfies (tti (A)) = H. 
In fact is an isomorphism between 7ri(A) and H and sometimes, by abuse of notation, 
we will write 7ri(A) = H- 

Theorem 4.19. Let a : Fn — > 7ri(F) be a marking on Fn - Let H < Fn be a nontriv- 
ial finitely generated subgroup such that CommFf^{H) = H- Let A be the T-core graph 
representing [H] . Then rjn — fJ-A - 

Proof- We need to show that for every finite non-degenerate subtree K oi X = T we have 

Choose a vertex xq in K and let Vq be the projection of xq in F. We may assume that 
vq is the base-point of F and that a : Fjsi ^ 7ri(F, vq). Recall that Xh = Convx{^H) is 
the smallest i/-invariant subtree of X. By replacing H by its conjugate if necessary, we 
may assume that xq G Xh- Moreover, A — H\Xh, and {Xh, xq) is canonically identified 

with (A, j/o)j where yo is the image of xq under the projection p : Xh — > A. 

We need to show that the number {K; A)a of occurrences of K in A is equal to the 
number of distinct FAr-translates of Xh that contain K- We will construct a function Q 
from the set of occurrences of in A to the set of FAr-translates of Xh that contain K. 

Let / : X A be an occurrence of K in A. Choose an edge-path 7 from yo to f{xo) 
in A. The fact that both yo and /(xo) project to vo in F implies that the (unique) lift 
7 of 7 to an edge-path in X with origin xo has its terminal vertex of the form gxo for 
some (unique) g G F/y. Then the definition of occurrence of K in A and the fact that A 
is identified with Xh imply that gK C Xh and so K C g^^Xn- We set Q{f) '-— g^^Xn- 
We need to check that Q{f) is well-defined, that is, that the translate g~^XH does not 
depend on the particular choice of an edge-path 7 from yo to f{xo) in A. Indeed, if 7' is 
another such edge-path, then 7'7^^ G 7ri(A,yo) = H- Hence if 7' lifts to an edge-path 
from xq to g'xo in X, we have g'g~^ G H, so that g~^ = {g')~^h for some h G H and hence 
g~^XH = {g')~^ Xh- Thus the translate g~^XH containing K is uniquely determined by 
the occurrence / : X — > A of X in A, so that Q{f) is well-defined. Hence we have 
constructed a map Q from the set of occurrences of if in A to the set of F/y-translates of 
Xh containing K - 

We claim that the map Q is injective. Indeed, let /i : if A be another occurrence of 
K in A. Let 71 be an edge-path in A from yo to /i(a;o) and let gi S F^ be such that the 
lift to X of 7i with origin xo has terminus gixo- Suppose that g^^Xn = g~^XH- Then 
gig^^Xn — Xh and hence gig~^ G Commp^{H)- By assumption, on H = Commpj^{H), 
so that gig~^ € H and gi — kg for some h £ H - 

However, since 7ri(A, yo) = H, it follows that h labels a closed edge-path from yo to yo 
in A and hence, up to edge-path reductions, 71 — f)^ for some closed loop (3 from yo to 
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yo in A. Therefore the termini of 7 and 71 are the same, that is f{xo) = fiixo) G VA. 
It follows, since all the graphs under consideration are folded, that f ~ fi- Thus indeed, 
the map Q is injective. 

We claim that Q is also surjective. Suppose a translate g^^Xn contains K. Then Xh 
contains gK. Both xq and gxQ belong to Xh and hence the geodesic edge-path [a;o,.ga;o] 
is contained in Xh- This edge-path projects to an edge-path 7 in A = _ff \ Xh from j/q to 
the vertex zq which is the image of gxo in A under the projection p : Xh — > A. Since p 
is a covering map, / : — > A defined as f{x) — p{g{x)), x G K, is an occurrence of K in 
A, with f{xo) = zq. The definition of Q now gives Q{f) — g'^Xn- 

Thus Q is a bijection between the set of occurrences of if in A and the set of F^- 
translates of Xh containing K. It follows that (K;riH)a ~ iK;pA)a, as required. □ 

Corollary 4.20. Let H < Fn be any nontrivial finitely generated subgroup. Let a : Fn — > 
T be a marking and let A be the T-core graph 
representing [H] . Then rjn ~ p-A ■ 

Proof. Put Hi = Commpj^{H). Then by Proposition 14.21 iJi = CommF„{Hi), and 
[Hi : H] ~ m < 00. Let Ai be the F-core graph representing [Hi]. Therefore by 
Theorem [4T9]'7Hi — MAi- Moreover, A is an m-fold cover of Ai and hence by Lemma|4T5l 
HA = m^Ai- Also, by definition, rjn = rnrjHi. Hence rjn = rnrjHi = rnpAi = MA, as 
required. □ 



5. Rational currents are dense 

Convention 5.1. In order to avoid technical complications in the proof of the main 
result of this Section, Theorem 15.81 in Subsection 15.41 below, we will restrict ourselves in 
this section to only considering F-graphs for F — Rn, the standard A^-rose. The universal 
cover X = is then the Cayley graph of F^ with respect to some basis. We will fix 
some basis A in F^ and we will think of A as defining a marking a a ■ Fn — t- Rn, that 
will also be fixed for the remainder of this Section. 

Note that an i?Ar-structure on a graph A can be specified by assigning every edge 
ee FA a label T(e) G A^'^ so that T(e~i) = {r^e))'^. 

5.1. Linear span of rational currents. 

Proposition 5.2. Denote by SCurrr{FN) the set of all rational subset currents. Let 
Span{SCurrr{Fj^)) denote the R>o-linear span of SCurrr{FN). 

Let N >2. Then the set SCurrr{F]\[) is a dense subset of Span {SCurrr{Fi^)) . 

Proof. We need to show that an arbitrary linear combination cirjHi + • • • + Cki]Hk (where 
A; > 1, Ci G IR>o) can be approximated by currents of the form crjn^ where c G M>o. 
Arguing by induction on k, we see that it suffices to prove this statement for k = 2. 

Every current of the form cirjn^ + C2rjH2, where ci,C2 G M>o can be approximated 
by currents of the form rirjHi + f2?7_f/2, where r'2,r2 are positive rational numbers. Thus 
it suffices to approximate by rational currents every current of the form rirjHi + ?'2??_fr2 
where ri,r2 > are rational numbers. Taking ri,r2 to a common denominator, we have 
i"i — Pi/Qj ^2 — P2/Q where pi,p2,q > are integers. Since dividing a rational current by q 
again yields a rational current, it is enough to approximate by rational currents all currents 
of the form pirjn^ + P2VH2 where pi,P2 are positive integers. However, pirjn^ = rj^-^, 
P21IH2 = '7L2: where Li is a subgroup of index pi in Hi for i = 1,2. Thus we only need to 
show that the sum of any two counting currents can be approximated by rational currents. 
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Suppose now that Hi , H2 < Fn are two nontrivial finitely generated subgroups and 
let = TjHi + riH2- For i = 1,2 let Ai be the RN-core graph representing [Hi], as in 
Convention 14. 181 Thus, by Theorem 14. 191 77//. = fiAt for i — 1,2. 

For n = 1,2, . . . let Ai.„ be a connected n-fold cover of A^. We now define a sequence 
of finite connected i?Ar-core graphs as follows. Let n > 1. First assume that each of Ai^„, 
A2.„ has a vertex Vi,n of degree < 2N, where i — 1,2. Then, since A^^ contains at least 
4 distinct letters, there exists an _RAr-graph [ui,U2], which is a segment of three edges 
with origin denoted ui and terminus denoted U2, such that identifying the origin of this 
segment with vi^n and the terminus of this segment with 1^2, n 

yields a folded i?7v-graph: 

A„ := Ai^„ U A2^„ U [ui, U2]/ ^ 

where ui ~ vi,n, U2 ~ V2.n- Note that by construction A„ is connected and cyclically 
reduced. 

Suppose now that Ai,„ has a vertex vi^n of degree < 2N but that every vertex in A2,n 
has degree 2N. 

Let V2^n be any vertex of A2,„. Let A2 „ be obtained from A2^„ by removing one of the 
edges incident to W2,n. Note that Aj „ is still finite, connected and cyclically reduced. 

Then, as in the previous case, there exists a simplicial segment [mi,U2] consisting of 
three edges labelled by elements of A^^ such that 

A„ Ai^„ U A^ „ U [ui,it2]/ 

is a folded i?7v-graph, where ui ~ fi,n, "2 ~ V2,n- Again, by construction, A„ is connected 
and cyclically reduced. In the case where A2,„ has a vertex of degree < 2N but that every 
vertex in Ai_„ has degree 2N , we define A„ in a similar way. 

Suppose now that for i = 1,2 every vertex of Ai_„ has degree 2N. Then Ai_„ is a finite 
cover of Rn, so that Ai, A2 are both finite covers of Rn- Let > 1 be such that Ai is 
an m^-fold cover of Rn. Choose A„ to be any connected n(mi + m2)-fold cover of Rn- 

This defines the sequence A„, n = 1,2, . . . of finite, connected iJ^r-core graphs. We 
claim that 

(!) lim -^A„ = MAi +/^A2 in 5Curr(F/v). 

We need to show that for every finite non-degenerate subtree i^T of X we have 

(!!) lim -{K; A„) = {K; Ai) + {K; A2). 

Let us fix such a subtree K. Let rt > 1 be arbitrary. If A„ is of the last described type, 
where both Ai_„ and A2,„ are finite covers oi Rn, then by construction /iA„ = 7^(/^Ai+A*A2)j 
and (!!) obviously holds. Suppose now that one of the other cases in the construction of 
A„ occurs. Since the graph A„ is folded, and has a vertex degree < 2N, all but a bounded 
number (in terms of some constant depending on K but independent of n), occurrences 
of K in A„ are disjoint from the segment [wi,„,i'2,n] and thus come from occurrences of K 
in Ai.n U A2.„. Hence 

I (K; A„) - {K; Ai,„) - (K; K2,n) \ < Ck 

for some constant Ck independent of n. Since Ai^„ is an n-fold cover of A^, it follows that 

I {K; A„) - n{K; Ai) - n{K; A2) \<Ck- 

Dividing the above inequality by n and passing to the limit as n — > cx), we get (!!), as 
required. This implies (!). By Theorem 14.191 /iA„ = '?l„ for some finitely generated 
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nontrivial L„ < Fn- Hence (!) implies that 



lim -r]L,^ = iiHi + r]H2 in 5Curr(FAr), 



n—^oo Tl 



which completes the proof. 



□ 



5.2. Subset currents as measures on the space of rooted trees. Recall that T{X) 
denotes the set of infinite subtrees of X without degree-1 vertices. Denote by Ti{X) the 
set of all those T G T{X) that contain the vertex 1 6 Fn- Thus all elements of Ti{X) 
come equipped with a base-point (or root), namely 1 G F^- Note also that since every 
element Y £ 7i{X) is folded, Y does not admit any nontrivial F-graph automorphisms 
that fix the root vertex 1. Hence we can also think oiTi{X) as the set of rooted i?jv-graphs 
that are folded infinite trees without degree-1 vertices. 

We equip Ti{X) with local topology, namely we say that Y,Y' G Tx{X) are close if for 
some large n > 1 we have Y n Bx (n) — Y' D Bx (n) , where Bx (n) is the ball of radius 
n in X. Equivalently, Y and Y' are close if dY, dY' C dX have small Hausdorff distance 
as closed subsets of dX. This makes Ti{X) a compact totally disconnected topological 
space. 

Recall that for any finite non-degenerate subtree K of X we have defined a subset 
cylinder set SCyla{K) ^ Cjv, Definition 13.21 For every such K containing 1 £ Fn^ put 
TCyla{K) to be the set of ah Y G Ti{X) such that dY G SCyLiK). Thus TCyla{K) 
consists of all Y G Ti{X) such that K CI Y and such that whenever ^ G dY , then 
[1, ^) n = [1, w] where w is a vertex of degree one in K. The sets TCyla{K) are compact 
and open, and form a basis of open sets for the topology on 7i(X), when K varies over 
all finite non-degenerate subtrees of X containing 1 G Fx- 

The space 71 (^) has a natural (partially defined) root-change operation. For g G Fx 
denote by Ti,g{X) the set of all Y G Ti{X) that contain the vertex g G Fx- Define 
fg ■ Ti,g{X) Ti{X) by rg{Y) := g^^Y for Y G Ti,g{X). In other words, Vg moves 
the root vertex from 1 to 5 in Y- Denote by A4i{X) the set of all finite positive Borel 
measures on Ti{X) that are invariant under all rg,g € Fx- 

Proposition 5.3. There is a canonicalMyQ-linear homeomorphism t : A4i{X) SCurr(Fx)- 

Proof. Let /i G A4i{X). Define a measure t(/i) on £jv as follows. For a finite non- 
degenerate subtree K oi X containing 1 put 



Invariance of /i with respect to the root-change implies that if K, K' are two finite non- 
degenerate subtrees of X that contain 1 and such that K' = gK for some g G Fx^ then 
fiiTCyLiK)) ^ fi{rCyL{K')), so that ([if];t(/z))„ is well-defined. 

The assumption that fi is invariant with respect to {vg : g G Fx} translates into the 
fact that (X) defines a collection of weights satisfying the requirements of Proposition l3.12l 
so that t(/z) is indeed a subset current. It is then easy to check that t is an M>o-linear 
homeomorphism and we leave the details to the reader. □ 

5.3. Weak approximation by finite graphs. Consider the set Ux of all i?jv-graphs 
with vertices of degree < 2N- For every integer R > 1 denote by Uxm C Ux the set of 
all rooted i?-balls in graphs from Ux- Finally, denote by Ux ji the set of all K G Ux,r 
such that K is a. folded tree, where the root vertex is not of degree 1 and such that the 
distance from the root to every vertex of degree 1 oi K is equal to R. 



(*) 



(M;t(M)) 



ti{rCyUK))- 
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Observe that every tree K G Uj^ ^ admits a unique (and injective) i?Ar-graph morphism 

to X which sends the root in K to the vertex 1 e VX. Thus we can think of trees K € C/j^ ^ 
as subtrees of X with root 1. 

For i? > 1, T G Un,r and an i^jy-graph A denote by J(T,i?, A) the set of all those 
vertices z; in A such that the i?-ball centered at w in A is isomorphic as a rooted i?Ar-graph 
to T. 

We say that a subset current ^ € 5Curr(i^jv) is normalized if the corresponding measure 
= (t)"^(At) e MiiX) is of total mass 1, n'{TiiX)) = 1. Note that if ^ G 5Curr(F7v) is 

a nonzero subset current and fj.' = {t)^^(p) G A4i{X) then for c = fi'{Ti{X)) the current 

■i/i G iSCurr(FAr) is normalized. 

The following definition is an adaptation, to our notations and to our context, of the 

definition of random weak limit of finite rooted graphs introduced by Benjamini and 

Schramm, ^4^ 

Definition 5.4 (Weak approximation). Let /i G SCmi{FN) be a normalized subset cur- 
rent. We say that a sequence of i?jv-graphs A„ weakly approximates fi G 5Curr(F/v) if 
the following conditions hold: 

(1) A„ G Un for every n > 1. 

(2) #V^A„ -> oo as n — > oo. 

(3) For every i? > 1 and every K G uf^ ^ we have 

^'J" IHTa " iK;i^)- 

(4) For every R> 1 and every T G Un^r such that T ^ ^ we have 

In this case we write 

Aw. a. 
n — > 

Lemma 5.5. Let fi G S Curr{Fj^) be a normalized current and let A„ be a sequence of 
finite connected RN-core graphs such that A„ "^'^'> /i. Then 

1™ ii^Ia Ma„ = M in SCurr{FM). 

Proof. Let i? > 1 and let if G ?7]^ ^. Recall that we think of ii" as a subtree of X with the 
root of K being the vertex 1 G VX. Denote by (K; An)bad the number of all occurrences 
f : K ^ A„ such that / is not an embedding. Then the i?-ball in A„ around the /-image 
of the base-point of K is not a tree. Since the set U m,r is finite and A„ "^''^'> /i, the 
definition of weak approximation then implies that 

hm (^i^^=o. 

We also have {K; A„) — i^J{K, R, A„) + {K; An)bad- Also, since A„ ^''^'> /x, we have 
Therefore 



n-s-oo :^V/A„ 
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that is, 

(♦) lirnI§^ = (X;,). 

Now let K be an arbitrary finite non-degenerate subtree of X containing 1 e VX. Put 
R to be the maximum of the distances in K from 1 to other vertices of K . Then K is 
precisely the _R-ball in K centered at 1, so that K e uj^ ^. Therefore holds for every 
finite subtree of X containing 1 and hence, by i^Ar-invariance of subset currents, for every 
finite subtree K oi X. Hence 

1™ „T^A MA„ = A* in 5Curr(Fjv), 

n-)-oo ^V/A„ 

as required. □ 

Lemma 5.6. Let /i S SCurr^F^) be a normalized current and let A„ be a sequence of 
RN-graphs such that A„ '^'^'> /z. T/ien i/iere exisis a sequence of folded R^-graphs 
such that A'j "'^'> /i. 

Proof. Let us say that a vertex u of A„ is folded if the ball of radius 1 in A„ around v is 
a folded i?Ar-graph. 

Let Tn be the i?Ar-graph which is a simplicial circle of length with the label 
For every non- folded vertex v of A„ choose a copy Tjv.d of T^t. We now 
perform a "blow-up" operation on A„ as follows. Simultaneously, for every non-folded 
vertex v of A„ we cut A„ open at v, so that v gives degA,^{v) < 2iV new vertices, and 
then we attach these new vertices to T^^y is a way that the resulting graph is folded. The 
resulting folded i?Ar-graph is denoted by A^. 

The definition of weak approximation implies that lim„^oo bn/^VAn = 0, where 6„ is 
the number of non-folded vertices of A^. Since the number of vertices in the graph 
(used to blow-up non-folded vertices of A„) is equal to and does not depend on n, the 
definition of weak approximation now implies that A^ '^''^'> n, as required. 

□ 



Lemma 5.7. Let fi G SCurr[FN) be a normalized current and let A„ be a sequence of 
folded Rj\f-graphs such that A„ "''^'> fj,. Then there exists a sequence of Rn- core graphs 
A^ such that A^^ "'^'> /i. 

Proof. For every vertex v of degree 1 in A„ attach a new loop-edge at v with label a E A 
such that a^^ is different from the label of the unique edge of A„ starting at v. Denote 
the resulting graph by A^. 

Then A^ is a folded and cyclically reduced i?Ar-graph. It is easy to see, from the 
definition of weak approximation, that AJ^ '^'^'> fi. □ 

5.4. Rational currents are dense. 

Theorem 5.8. The set SCurrr{Fiq) of all rational currents is a dense subset of S Curr^Fif) . 

Proof. Let fi e SCvLTT{F]y) be an arbitrary nonzero current. Then for some c > the 
current JI '■= is normalized. 

A slight modification of the main result of [28] , together with Proposition 15.31 imply 
that there exists a sequence A„ of i?jv-graphs such that A„ '^''^'> fl. By Lemma 15.61 and 
Lemma l5.7l we may modify the sequence A„ to get a new sequence of i?jv-graphs, which we 
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again denote A„, such that each is a core graph and that A„ ^''^'> /x. Now Lemma 
imphes that 

1™ AiA„ = M in 5Curr(Fjv). 

Let A„_i, . . . A.n^k„ be the connected components of A„. Then 

MA„ = /iA„,i H ^/"A„,fc„ 

and we see that JI belongs to the closure of the E>o-span of SCurrr{FN). Proposition[F 
now implies that Jl belongs to the closure of SCurrr{F]si). Hence fi — cp also belongs to 
the closure of SCurrr{F]y). Since /i G SCutt(Fn) was an arbitrary nonzero current, this 
completes the proof. □ 



Remark 5.9. In the proof of Theorem 15.81 instead of the result of Elek [28] invoked 
above, alternatively one can use the results of Bowen [l4l 115) . 

6. The action of Out(Fjv) 

6.1. Defining the Out(i^Ar)-action. If e Aut(i^Ar) is an automorphism, then 1^9 is a 
quasi-isometry of Fn and hence ip extends to a homeomorphism (which we will still denote 
hy ip) (f : OFn OFn- Thus for S G €n we have ip{S) G €n- For a subset U C £^ we 
write ip{U) := {^{S) : 5 e [/}. Thus Aut(i^Ar) has a natural action on C^? and on the set 
of subsets of Cjv- 

Definition 6.1 (The action of Aut (i^jv)). Let ip G Aut(^V) and let ^ G 5Curr(FAr). 
Define a measure Lp^ on £jv as follows: 
For a Borel subset f7 C £^ we put 

Proposition 6.2. Let N >2. 

(1) For any p G Aut{FN) and fi G SCu'rr{Fpf) we have pfi G SCurr{FM)- 

(2) For any ipi,(p2 G Aut^F^) and /i G SCurr{Fpf) we have {pip2){l^) = 'Pl{'p2^^)■ 

(3) For any if G Aut(Fi\r) tp : S Curr(Fff) SCurr{FN) is an MyQ-linear homeomor- 
phism. 

(4) If ip € Aut{FN) is an inner automorphism then pii = fj, for every fi G SCurr(Fj^). 

Proof. To see (1) note that for any g G Fjv and ^ G dF^^ we have (p~^{g£,) = 'P^^{g)'P~^{0- 
Hence if [/ C £^ and g G i^jv then, in view of FAr-invariance of /i, we have: 

(^M)(g[/) = fiip-'igU)) = fi{v-Hg)p-\U)) = K^-HU)) = {ppi){U). 

Thus (pfi is an _FV-invariant measure, and hence pfi G tSCurr(i^7v) and (1) is established. 
Now (2) and (3) follow directly from (1) and Definition 16. II 

Part (4) follows from the fact that if ip G Aut(Fjv) is inner, that is ^'(5) = hgh^^ for 
every g G Fjy, then ?/;(^) = /i^ for every G dF^- □ 

Proposition l6.2l shows that Definition 16 . 1 1 defines a left action of Aut(i^Ar) on 5Curr(i^7v) 
by R>o-linear homeomorphisms. Moreover, inner automorphisms of Fj^ lie in the kernel 
of this action, and therefore this action factors through to the action of Out (Fat) on 
SCutt{Fn). 

Also, by K>o-linearity, we have (p{r^) = rip{p) for r > 0, ^ £ SCnTT{Fpf) and ip G 
Aut(FAr). Therefore the action of Aut(F/v) on iSCurr(FAr) also yields an action of Aut(F/v) 
on P5Curr(F/v) given by (p[fi] :— [pfi], where /i G iSCurr(F/v), /Lt ^ and ip G Aut(F/v). 
As before, the last action factors through to the action of Out(F/v) on P5Curr(F/v). 
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Proposition 6.3. Let H < Fn be a nontrivial finitely generated subgroup and let ip G 
AuI^Fn). Then ipirjn) = VviH)- 

Proof. For m > 1, if [H : Hi] = m, then [ip{H) : ip{Hi)] = m and rjHi ~ m-qn, ^ip(Hi) = 
"mVipiH)- Hence, by linearity, it suffices to establish the proposition for the case H — 
Commpj^{H). Thus assume that H < Fn is a nontrivial finitely generated subgroup with 
H = CommFf^{H). Recall that 

f?H = ^ 5k(h')- 

It is easy to see that for any subgroup G < Fn we have (p{A(G)) = A{(p{G)). 

Let U C By Definition 16. 1[ (priniU) — riH{^~^{U)) is equal to the number of 

elements of the form A{H') (where H' ^ H) that belong to (^^^(f7), which, in turn, is 
equal to the number of elements of the form LpK{H') (where H' ~ H) that belong to U . 
Hence 

as required. □ 

Proposition 16.31 implies that the action of Aut(_FV) has a global nonzero fixed point, 
namely the current = Sgp^. Indeed, for any (p e Aut(F/v) we have 

Moreover, all scalar multiples rrjp,^, where r > 0, are also fixed by Aut(i^Ar). In particular, 
since applying an automorphism to a subgroup of Fn preserves the index of the subgroup, 
if [Fn '■ H] < oo then iprjH = rjn for every ip € Aut(_F/v). 

6.2. Local formulas. Similarly to the case of Curr(FAr), we can get more explicit "local 
formulas", with respect to a marking, for the action of Out(i^Ar) on iSCurr(_F7v)- 

Proposition 6.4. Let a : Fn ^ '''i(r) be a marking on Fn and let X denote the universal 
cover r. As before (see \3.1^l . let ICr denote the set of all non- degenerate finite simplicial 
subtrees of X . For any (p £ OuI^Fn) and any K £ /Cr there exist m > 1 and Ki . . . , Km G 
/Cr with the following property: For every /i € iS Curr{FN ) we have 

m 

{K;p>{tJ.))a = ^{K,;fJ.)a- 

i=l 

Proof. Since inner automorphisms are contained in the kernel of the action of Aut(i^Ar) 
on iSCurr(_FV), it suffices to prove the statement of the proposition under the assumption 
that (p e Aut(Fjv). 

Let p G Aut(i^Ar) be arbitrary. Since SCyla(K) C £^ is compact, the set p^^SCyla{K) 
is also compact. Since subset cylinders are not just compact, but also open, ip~^SCyla{K) 
is covered by finitely many subset cylinders. By Lemma |3.5[ after subdividing them, we 
may assume that p3~^SCyla{K) is covered by finitely many pairwise disjoint subset cylin- 
ders: 

•p-^SCyl^iK) = UZiSCyLiK,). 
Put M := max™ ]^ ^EKi. By definition of p^ we have 
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m m 

as required. 



□ 



Remark 6.5. As in the case of Curr(F;v) [10], a more detailed argument for the proof of 
Proposition 16 .41 shows that, given (p e Out{Fis[) and K € ICr, one can algorithmicahy find 
the trees Ki, . . . , Km satisfying the conclusion of ProDOsition l6.4l 

7. The co-volume form 

7.1. Constructing co- volume form. For T £ cv^v and a nontrivial finitely generated 
subgroup H < Fn put 

\\H\\t ■.= voliH\TH) 

where Th is the smallest i7-invariant subtree of T. It is also the convex hull of the limit 
set of H, see Proposition 14. II 

Note that if iJ = (g), where g S FN,g ^ 1 then ||-ff||T = HsHt, the translation length 
of T. 

Lemma 7.1. Let T G cvj^, let H < Fn be a nontrivial finitely generated subgroup and let 
ifi e Aut{FN). Then \\ip{H)\\^T = \\H\\t. 

Proof. Recall, that as a metric space, ipT is equal to T, but the action of Fjy on ipT is 
defined as 

q ■ X — Lp^^(q) ■ X 

where x E T , g E Fj^j . It follows that the tree Th C T is (^(i7)-invariant with respect 
to the i^Tv-action on ipT, and, moreover it is the smallest (^(i7)-invariant subtree of fT. 
Also, it is easy to see that, as metric graphs, H \ Th is equal to (p{H) \ {ifT),^i^H)- Hence 
IkWIUr = ||i?||T, as claimed. □ 

Proposition-Definition 7.2 (Co-volume form). Let N > 2. Define a map 

( , ) : cvat X 5Curr(FAr) M>o 

as follows. Let T E cv^ and /i G iSCurr(F7v). Let a : Fn — > 7ri(r) be a marking and let 
£ be a metric graph structure on F such that T — (T,dc) in cv^r. Put 

(♦) {T,^i)■.= 

ee£;top(r) 

where (e; fj,)a is as in Notation l3.10l Then the following hold: 

(1) The map ( , ) : cvjv x 5Curr(F/v) R>o is continuous, IR>o-linear with respect to 
the second argument and M>o-homogeneous with respect to the first argument. 

(2) The map ( , ) is Out(Fjv)-equivariant, that is, for any T e cv^r, fi £ 5Curr(i^Ar) 
and ip 6 Out (Fat) we have 

{(pT,ipfi) = {T,n). 

In other words, in terms of using the right Out(i^jv)-action on cv^y , for all T g cvjv 
and if G Out(i^Ar) we have 

{Tip,fi) = {T,Lpfi). 
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(3) For any finitely generated nontrivial subgroup H < Fn and any T g cvtv we have 

{T,r^H)^\\H\\T 
where Th is the minimal iJ-invariant subtree of T. 
We call the map ( , ) : cvjv x iSCurr(i^7v) ^ II^>o the co-volume form. 

Proof. The continuity of ( , ) is a straightforward consequence of its definition, and the 
argument is essentially identical to that used in [40] to show continuity of the intersection 
form cv^r X Curr{FN) K>o- We refer the reader to the proof of Proposition 5.9 in [5D] 
for details. 

The definition also directly implies that 

(T,Ci^l +C2PI2) = Ci(r, /ii) +C2{T,fl2) 

for ci, C2 > 0, T G cvjv and fii, fi2 G iSCurr(_Fjv) and that 

(cT, = c(T, fi) 

for c > 0, T G cvAT, n G 5Curr(i^Ar). Thus (1) holds. 

We now check that (3) holds. Let H < Fn be a nontrivial finitely generated subgroup. 
Recall that, A = H \ Th is exactly the F-core graph representing the conjugacy class [H] 
(see Convention 14.181 By Theorem l4.19l we have r/n — /^a- The edges of A in A = H\Th 
have the same lengths as the £- lengths of the corresponding edges of F. Thus the £- volume 
of A is the sum of the £-lengths of all the edges of A, so that 

\\H\\t^voI{H\Th)^voIc{A)^ {e;A)C{e) = 

eeEtopir) 

(e; ^A)'C(e) ^ {e;T]H)^e) ^ {T^rin), 

eG-Etop(r) eGEtapir) 

and (3) is verified. 

We can now show that (2) holds. Since inner automorphisms of Fn act trivially on 
both CVAT and 5Curr(FAr), it suffices to check (2) for elements of Aut(i^Ar) (rather than of 
Out(FAr)). Let if G Aut(i^w). 

We need to show that for any T G cvat and /i G iSCurr(FAr). 

By continuity of the intersection form, already established in (1) and by Theorem 15.81 it 
suffices to verify the above formula for the case where T G cv^r is arbitrary and where /i 
is a rational current. Thus let /i = cr]H where c > and H < Fn is a nontrivial finitely 
generated subgroup. We have 

{(pT, ipajn) = c{(fT,(pr]H) = c{ipT,-q^(H)) = 
cMH)%T = c\\H\\t = c{T,m) = {T,cm), 
as required. □ 

7.2. Non-existence of a continuous extension of the co- volume form to cvjv- It 
turns out that, unlike for ordinary currents, there does not exist a continuous extension of 
the co-volume form to cvat x 5Curr(F/v). Before proving this statement, we need to recall 
a few background facts regarding the dynamics of the action of iwip elements and of Dehn 
twists elements of Out(F/v) on cvat and CVat. Recall that an element </? G Out(JAr) is 
called an iwip (which stands for "irreducible with irreducible powers" ) or fully irreducible 
if there do not exist m ^ and a proper free factor L of Fm such that (/5™([L]) = [L], 
where [L] is the conjugacy class of L. 
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The following "North-South" dynamics result for iwips is well-known and was obtained 
by Levitt and Lustig in [56j : 

Proposition 7.3. [56] Let N > 2 and let ip E Out{Fpf) be an iwip. Then there exist 
unique [T+] = [T+{ip)],[T_] = [r_(^)] e 'CVn and A+ = A+(^) > 1, A_ = A_(^) > 1 
with the following properties: 

(1) We have T-\-{p = A+T-f , T^ip = j—T^, so that [T^]{p =^ [T-] and [T^]ip = [?+]. 

(2) For any [T] G CVn such that [T] ^ [T-] we have lim„^oo [2^]<;2" = and for 
any [T] G CVn such that [T] ^ [T+] we have lmin^ao[T]v^" = [2^-]- 

(3) For any T G cvn we have lmin^,^[T](p" = [T+]. Moreover, given any T G cvn, 
we can choose a representative G cwat of [T+j such that 

hm -^Tip"- = T+ in cvn- 

(4) The action of Fn on T^ has dense Fn -orbits. Moreover, if N > 3 and ip G 
Out{FN) is an atoroidal iwip then the action of Fn on T_|_ is also free. 

(5) If E Out{FN) is arbitrary then for ?/; — 9~^ip9 we have X±{ip) — A±((p) and 
[T±{ip)] — [T±{(p)]9. Moreover, if T G cvn and T' lini„_j.oo '^Tf" and T" := 

lini„_,oo i^TVj" then T" = T'9. 

The trees \T^{Lp)\ and [r_((^)] are called the attracting and repelling trees of (p respectively. 

The attracting tree of an iwip ip can be understood fairly explicitly in terms of 

a train-track representative of ip and in fact A+((y3) is the Perron- Frobenius eigenvalue of 
any train-track representative of Lp. 

Guirardel proved in j33j that for > 3 the action of Out(i^Ar) on OCYn — CVn — 
CYn is not topologically minimal and that there exists a unique proper closed Out(^jv)- 
invariant subset of 9CVjv. We only need the following limited version of his result: 

Proposition 7.4. |33] Let TV > 3. Then there exists a unique minimal nonempty closed 
Out{FN) -invariant subset M'j^ C OCVn (so that for every [T] G Ad'j^ the Out{FN)-orbit 
of [T] is dense in ). Moreover, ifT,, is the Bass-Serre tree (with all edges given length 
1) of any nontrivial free product decomposition Fn — B * C, then [T,] G Ai']^ . 

Proposition 17.31 easily implies that for any iwip ip G Out(F/v) wc have [T-|_ (</?)] G M-n- 

Proposition 7.5. Let N > 3. Let Fn = B *C be a nontrivial free product decomposition 
and let G CTAf be the corresponding Bass-Serre tree. Then there exist sequences TmT!^ G 
CVn such that lim„_>.oo = lim„^oo TL — 7* in 'cvn and that 



but 



lim {T^,r]Fj,) = 1 



lim (Tn,r]F,^) = 0. 



Proof. Let ip G Out(_FV) be any iwip. Choose an arbitrary point T G cvjy. Let [T+J — 
[T+{ip)] be the attracting tree of ip. We may assume that T+{p) = Xwk^ao TrTf^- 

Since both \T^] and [T+J belong to A4^, there exists a sequence 9n G Out(F/v) such that 
lim„^oo[?+]^'n = Thus for some sequence c„ > we have lim„_^oo c„T+0„ — T, in 

cvat. By Proposition [73] we know that [T+]6'„ = [T+(i/)„)] where il>n ~ 9^^cp9n. Moreover, 
for each n > I we have 

T+0„ = hm -i^T^^ 
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Put T+iipn) ■■= T+On, and we then have T+6'„ T+{tfjn) = hm^^oo Tr^'^n in cvjv- For 
every fc > 1 and ri > 1 we have 

A_,_ 

For each n > 1 choose kn > 1 such that for ah fc > fc„ we have Cn{YrTipn^T]pj^) = 

VO\(Fn\T) , j_ 

Since cvat is metrizable, and since hm„^oo C7iT+{ipn) — T", and c„T+('0„) = hnife^oo fr^^V'n 
by a standard diagonahzation argument we can find a sequence m„ > fc„ such that 
hni„_j.oo 3^T-0™" = in cvat. Put r„ — y^Tip^" . Then by construction we have 

hni„_i.oo Tn — and (T„, ?7_f„} < as ri —j- cxd, so that 

hm (T„,7;f„) = 0. 

n—^oc 

To construct the sequence T/^, choose a free basis {bi, . . . ,6,} of B and a free basis 
{ci+i, . . . , Cat} of C. Let F be the "barbeU" graph (with the obvious marking) consisting 
of a non-loop edge e with i loop-edges (corresponding to bi, . . . ,bi) attached at o(e) and 
with N — i loop-edges (corresponding to Q+i, . . . ,cjv) attached at t(e). Give the edge e 
length 1 — and give each of N loop-edges in F length -j^. This defines a point T,'^ G cvjv 
with vol(i^Ar \ T^) = 1. Also, by construction, lim„_>oo T'^ = in cvat. Then 

lini (T,',?7F„) = lim vol(F/v = 1, 

n— >-oo n— >oo 

as required. □ 

Proposition 17.51 immediately implies: 

Theorem 7.6. Let N > 3. Then the co-volume form cvn x SCurr{Fi^) — > i?>o does not 
admit a continuous extension to a map clijv x SCurr{FN) — ^ -R>o- 

The proof of Theorem 17.61 can be modified to cover the case N — 2, but we only deal 
with the case > 3 for simplicity. 

Remark 7.7. Let H < be a nontrivial finitely generated subgroup. Recall that if 
T e CVAT then {T,r]H) = ||ff||T = vol(iJ \ Th). If T e cva, - cvat, the quotient H\Th 
is, in general, not a nice object, and, in particular, it is not necessarily a finite metric 
graph. However, one can still define a reasonable notion of "volume" ||-ff||T for H \ Th- 
Namely, if H fixes a point of T, put ||i?||T := 0. Otherwise, there exists a unique minimal 
ff-invariant subtree Th of T. In that case define ||i?||T as the infimum of vol(Ar) taken 
over all finite subtrees K C Th such that HK — Th- The proof of Proposition 17.51 exploits 
the fact that in general, given H, the function fn '- cvjv — ?> M, : T M> is not 

continuous on cv^v. However, one can show that fn is upper-semicontinuous. 

8. The reduced rank functional 

Recall that for a finitely generated free group F the rank rk(F) is the cardinality of a 
free basis of F and the reduced rank rk(F) is defined as 

^(F) := max{rk(F) - 1,0}. 

Thus is F 7^ {1} then rk(i^) = rk(F) — 1. If A is a finite connected graph and F = 
7ri(A) then rk(F) = — x(A), where x(^) is the Euler characteristic of A. Reduced rank 
appears naturally in the context of the Hanna Neumann Conjecture, recently proved by 
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Mineyev [5^. The conjecture (now Mineyev's theorem) states that if Hi,H2 < F are 
finitely generated subgroups of a free group F then 

nH2)< Tk{Hi)rk{H2). 

It turns out that reduced rank extends to a R>o-hnear functional on the space of subset 
currents: 

Theorem 8.1. Let N >2. Then there exists a unique continuous R>Q-linear functional 

^■.SCurr{FN) ^ K>o 
such that for every nontrivial finitely generated subgroup H < Fn we have 
iO) A{r^H)=MH). 

Moreover, rk is Out{Fis[) -invariant, that is, for any ip G Out{Fiq) and ^ £ SCurr{Fjq) we 
have rk((p/i) = rk(/i). 

Proof. The uniqueness of rk follows from (<^) and from the requirement that rk be linear 
and continuous, since this uniquely defines rk on the set of rational subset currents, which is 
dense in iSCurr(FAr) by Theorem l5.8l Thus it suffices to prove the existence of a functional 
rk with the required properties. 

Choose a free basis A of Fat and the corresponding marking a a '■ Fn — > tti^Rn) as in 
Convention 15.11 Recall that X = Rn is the Cayley graph of F^ with respect to A. For 
each a G A let Ca be the topological edge in X with endpoints 1, a e F/v. Note that every 
subgraph in X consisting of a single edge is a translate of some Ca by an element of Fn . 

Let Bn be the set of all non-degenerate finite subtrees K contained in the ball of radius 
1 in X with center 1 e Fn such that the vertex 1 G Fjy has degree > 2 in K. Note 
that every K G Bn is uniquely specified by the set of its vertices of degree 1, which is a 
subset of A U A~^ of cardinality at least 2. Thus there are exactly 2^^ — 27V — 1 elements 
in Bn- Note also that if A is a nontrivial finite i?Ar-core graph then for every vertex x 
of A there exists a unique K G Bn such that Lk^ix) — Lfci<-(1). Define the function 
7k : 5Curr(^Ar) ^ K as follows. For ^ G 5Curr(i^Ar) 

By construction rk : iSCurr(i^Ar) -H- R is a continuous M>o-linear function. 

Suppose now that H < Fn is a nontrivial finitely generated subgroup. Let A be the 
finite i?Ar-core graph representing [H]. Then 

^(e,;A)- iK;A). 

It is easy to see, from the definition of an occurrence (Dcfinition l4.13p . that J^aeAi^^', A) = 
#EtopA and that J2k&bJK'^^) = Thus 

7k(r,H) = 7k(AiA) = i^EtopA - #yA = -x(A) = rk{H). 

Note that, by linearity, for any c > rk{criH) = crk(iJ) > 0. Thus rk > on a dense 
subset of iSCurr(F/v) and hence, by continuity, rk(^) > for every /x G cSCurr(F/v). 

Suppose now that (/? G Aut(F;v). We claim that rk((/3/x) = rk(/x) for every /i G 
SCutt{Fn)- Indeed, for any finitely generated subgroup H < Fn, H is isomorphic to 
(p{F[) and hence rk{H) = rk{(p{H)). Thus, in view of {(}), the claim holds for every 
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rational subset current and hence, since by Theorem 15.81 rational currents are dense in 
5Curr(i^Ar), the claim holds for every /i g SCmr{FN)- This shows that rk is Aut(F/v)- 
invariant, and hence Out(i<Ar)-invariant as well. □ 



9. Analogs of uniform currents 

In |40j . given a free basis A of Fn we constructed a uniform current tua G Curr(_Fjv) 
associated to A. Intuitively, the current rriA "splits equally" in all directions in the Cayley 
graph X of Fm with respect to A. 

In the setup of subset currents, given a free basis A of F^ one can define a natural 
family mA,d G iSCurr(_FV), d = 2, . . . , 2N of "uniform subset currents", with niA.2 = 
and mA,2N — VFk- The current mA,d is "supported" on d-regular subtrees of X. That 
is, TOA,d will have the property that (K] mA,d) > if and only if iiT C X is a finite 
non-degenerate subtree where every vertex has degree cither 1 or d in K. 

Before giving the explicit definition of mA,d we present the following computation as 
motivation. Since mA,d is a subset current, we need it to satisfy the weights condition 
{if) from Proposition 13.111 Let if be a non-degenerate finite subtree of X where every 
vertex has degree 1 or d in K. Let e be a terminal edge of K, as in Definition 13.21 and let 
a £ A^^ be the label of e. Then, in notations l3.41 q{e) consists of precisely 2A^ — 1 distinct 
edges, with labels from A^^ — {a^^}. We want to choose a nonempty subset U C g(e) 
so that in the tree K' — K U U the terminus of e has degree d. Thus the set U needs to 
have cardinality d — 1. Hence there are exactly (^^Si^) choices for U C q{e). Since mA,d 
is supposed to be the "most symmetric possible" , we assign each of these choices equal 
weight, so we want 

{K;mA.4) 



{KUU;mA.d) 



\ d-1 ) 



for every subset U C q[e) of size d — 1. For nonempty subsets U C q[e) of size different 
from d — 1 we want [K U U; niA.d) = 0. Then, using notations 13. 4[ we will have 

{K-mA.d)^ {K\JU]mA,d) 

UeP+{q{e}) 

as required by (■^). Assigning every one-edge subtree of X weight 1/A^ in mA,d and 
iterating the above splitting formula yields the following: 

Proposition-Definition 9.1 (Uniform subset currents). Let 2 < d < 2A^. Then there 
exists a unique subset current ruA.d G 5Curr(Fjv) such that 

(1) ii K <Z X is a finite subtree with n > 1 edges and with every vertex of degree 
either 1 or d in /f, then 

{K;niAM)^- 



N 



V d-l ) 



(2) if if C X is a finite subtree where some vertex has degree different from d and 
from 1, then 

{K;mA,d) = 0; 

(3) We have (X, m^.d) = 1- 

The current mA^ G iSCurr(i^jv) is called the uniform subset current of grade d on Fj^ 
corresponding to A. 
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Proof. It is easy to check, via a direct computation, that the weights (K; mA,d) spec- 
ified above satisfy condition (if) and hence, by Proposition 13.111 there does exist a 
unique subset current realizing these weights. Also, for every single-edge tree K we have 
{K; mA,d) = J;, and this normalization ensures that {X, mA,d) = 1- For d = 2N the above 
formulas give (K; mA,2N) ^ I ii K C X is a, finite 2iV-regular subtree and {K; mA,2N) = 
if K is not 2Af-regular. This shows that mA,2N = Vf^- Also, for d = 2, the definition 
of mA.2 yields {K; mA.2) = 2jv(2Af-i)" if -f'^ ^ X is a linear segment of length n > 1 and 
{K; mA,2) = if X is not 2-regular. Thus toa,2 = mA G Curr(i^7v), as claimed. □ 

In a similar way, uniform subset currents can be defined with respect to any marking 
a : F/v — > 7ri(r), where F is a fc-regular graph (and not necessarily the standard rose). 

Perhaps a more interesting notion is that of the absolute uniform current G SGuit{F]\[) 
associated to A. 

If ii' is a finite non-degenerate tree, we say that a vertex x of ii" is interior if x has 
degree > 2 in i^. Denote by i{K) the number of interior vertices in K. Before giving a 
formal definition of let us again start with some motivation. We want to have 
the property that for a finite non-degenerate subtree K of X the weight {K; m^) depends 
only on l{K). 

We build finite subtrees of X step-by-step, starting with a tree Kq consisting of a single 
edge. Since there are exactly N distinct Fjv -translation classes of topological edges in 
X, we assign every one-edge subtree weight jj in m^. Note that l{Ko) = 0. Arguing 
inductively, let n > and suppose Kn is already constructed and that (-(isr„) = n. We 
choose e to be any (oriented) leaf of K. Then q{e) (see notation l3.4p consists of precisely 
2A^ — 1 distinct edges, with labels from A^^ — {a~^}. The set P+(g(e)) of nonempty 
subsets of q{e) has exactly 2^^~^ — 1 elements. We choose any nonempty subset U of g(e) 
"with equal probability", and put i4r„+i ^ KUU. Note that the terminus of e has become 
an interior vertex of Kn+i, so that L{Kn+i) — n + 1. Since we are supposed to choose 
U G P+(g(e)) uniformly at random, we want 

(r^,,TT \ {K;mA,d) 
{K U U; mA,d) = ^^jy-i _ ^ 

for every nonempty subset U C q{e). This choice will assure that 

{K-mA,d)^ {K\JU\mA,d) 

UeP+{q{e}) 

as required by condition {ir) of Proposition 13.111 The above considerations lead to the 
following: 



Proposition-Definition 9.2 (Absolute uniform current). Let iV > 2, ^ be a free basis 
of Fj^ and let X be the Cayley graph of F/v with respect to A. 

Then there exists a unique subset current G iSCurr(_FV) such that: 

(1) If K C X is a finite non-degenerate subtree with i{K) = n > then 

^ ^' iV(22W-i 

(2) We have {X,mAA} = 1- 

The current G iSCurr(_FV) is called the absolute uniform subset current correspond- 
ing to A. 

Proof. It is not hard to check that the weights given in the definition of satisfy the 
"switch" condition (-^) of Proposition lXTTl which directly yields the above statement. □ 
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Note that, unlike the currents mA,d constructed earher, the current has "fuh sup- 
port", nieamng that {K;m^) > for every finite non-degenerate subtree K of X. Re- 
call that, by Proposition 15. 3[ there is a canonical R>o-linear homeomorphism between 
5Curr(i^Ar) and the space Mi{X) of finite positive Borel measures on the space Ti(X) of 
rooted subtrees of X with root- vertex 1, which are invariant with respect to root-change. 
Under this homeomorphism corresponds to a probability measure on 7i{X) and 
m^-random points of Ti{X) appear to represent an interesting class of subtrees of X. 

10. Open problems 

10.1. Subset currents on surface groups. As noted in the introduction, the notion 
of a subset current makes sense for any non-elementary word-hyperbolic group G. Apart 
from Fjv, a particularly interesting case is that of a surface group. Namely, let E be 
a closed oriented surface of negative Euler characteristic and let G = 7ri(E). Put a 
hyperbolic Riemannian metric p on E so that E with the lifted metric becomes isometric 
to the hyperbolic plane H^. The action of G on E = by covering transformations is 
a free isometric discrete co-compact action, so that G is quasi-isometric to and dG 
is G-equivariantly homeomorphic to = As for a free group we can consider the 
space (S"'^) of all closed subsets C such that > 2. A subset current on G is a 
locally finite G-invariant positive Borel measure on (§^). The space iSCurr(G) of all subset 
currents on G again comes equipped with a natural weak-* topology and a natural action 
of the mapping class group Moc?(E). In this context we can again define the notion of 
a counting current associated with a nontrivial finitely generated subgroup H < G. If 
H — CommciH) then we put 

Hie[H] 

where [H] is the conjugacy class of in G and where for a subgroup Hi G [H] A{Hi) C 
§^ is the limit set of i/i in S^. If _ff < G is an arbitrary nontrivial finitely generated 
subgroup, then, by well-known results, H has a finite index m > 1 in its commensurator 
Hq := CommciH) and we put rjH '■— rn rjUa- 

Problem 10.1. In the above set-up, is it true that the set 

{ci]h\c > 0, -ff < G is a nontrivial finitely generated subgroup} 

is dense in 5Curr(G)? 

Note that for every S S one can consider the convex hull Conv{S) C H^, and 
therefore one can geometrically view a subset current on G as a G-invariant measure 
on the space of "nice" convex subsets of H^. If iJ < G is a nontrivial finitely generated 
subgroup of infinite index, then H is a. free group of finite rank TV > 1 and Gonv{KH) C 
is an i/-invariant subset which is quasi- isometric to Fn (i.e. it is a "quasi-tree" ). However, 
the machinery of measures on rooted graphs that we used to show that rational currents 
are dense in 5Curr(FAr) is not directly applicable for tackling Problem llO.il 

10.2. Continuity of co-volume for a fixed tree T € cvn- In Remark 17.71 we defined 
the notion of co- volume | | [t where H < Fn is any nontrivial finitely generated subgroup 
and where T e cvjv- We have seen that for a fixed H, the function cvjv [0,oo), 
T — is not necessarily continuous on cv^v (although it is, of course, continuous if 
H is infinite cyclic). 

One can still ask if, given a fixed T e cvjv, the co- volume ||.||t extends to a continuous 
function on 5Curr(F;v): 
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Problem 10.2. Let T e cvjv. Suppose /i e iSCurr(i^7v) and that Cniln^ G 5Curr(Fjv) are 
rational currents such that lim„_>oo Cn?7//„ = fi. Does this imply that 

lim Cn\\Hn\\T 
n— >oo 

exists and is independent of the sequence CnTjHn approximating /i? If yes, we will denote 
the above limit by ||/i||T- 

10.3. Volume equivalence. Kapovich, Levitt, Schupp and Shpilrain [43] introduced and 
studied the notion of translation equivalence in free groups. Namely, two elements g,h € 
Fn are translation equivalent in Fn, denoted g =t h, if for every T G cvjv we have 
\\s\\t = 1 1^1 It- It is easy to see that g =t h in Fn if and only if for every T € cvn 
IIsIIt — II^IIt- Similarly, we say (see 00]) that two currents ^1,^2 G Curr(JAr) are 
translation equivalent if for every T € cyn {T, fix) = (T, 112)- Again, it clear that replacing 
cv^r by cvn in this definition yields the same notion. Several different sources of translation 
equivalence (in particular traces of S'L(2, C)-representations of free groups), have been 
exhibited in [43] , and further results were obtained in [53l [SH [55] . The paper [43] also 
defined the notion of volume equivalence in free groups. Two nontrivial finitely generated 
subgroups Hi,H2 < Fn are said to be volume equivalent in Fn, denoted Hi =„ H2, if 
for every T £ cvat we have ||i?i||T = ||if2||T. Note that for nontrivial g,h € Fn we have 
(g) =1, (h) in F^ if and only ii g =t h in F^- It is clear that conjugate subgroups are 
volume equivalent and that if Hi , H2 < -FW are nontrivial finitely generated subgroups 
such that Ccymmp^{Hi) = Commpj^{H2) and such that Hi and H2 have the same index 
in Commp^{Hi), then Hi =„ H2 in F^- Similarly, the definition of volume equivalence 
easily implies that if Hi =„ H2 in Fjq and : F^ Fm is an injective homomorphism 
then il>{Hi) =„ i]j{H2) in Fm- Some more interesting sources of volume equivalence were 
found by Lee and Ventura in j55j . who also exhibited an example of a cyclic subgroup 
that is volume equivalent to a subgroup that is free of rank 2. The definition of volume 
equivalence naturally leads to the following question: 

Problem 10.3. Suppose Hi =y H2 in F^. Does this imply that for every T g cvat 

||-H^i||t = ||f^2||t? 

By analogy with the translation equivalence case, we can also say that two subset 
currents Hi,fi2 S SGutt{Fn) are volume equivalent in F^, denoted fii =y fi2, if for every 
T e cvjv (T", Ml) = {T,f^2)- Thus for finitely generated subgroups Hi,H2 < F^ we have 
Hi =1, H2 if and only if rjui =v VH2 ■ The notion of volume equivalence for subset currents 
measures the degeneracy of the co- volume form ( , ) with respect to its second argument, 
and one can also pose an analog of Problem [103] for subset currents. 

10.4. Generalizing the Stallings fiber product construction. Let H,L < Fn be 

nontrivial finitely generated subgroups and let a : Fn ^ 7ri(r) be a marking on Fn- 
Let Ah,Al be the finite connected F-core graphs representing [H] and [L] respectively. 
Then one can define (see [6TJ [49]) the "fiber product graph" Ah x A^. This graph is 
again a finite folded F-graph but not necessarily connected. The fundamental groups of 
the non-contractible connected components of x (if there are any such compo- 
nents) represent all the possible F/y-conjugacy classes of nontrivial intersections of the 
form gHg~^ n L, where g S Fn- There are finitely many such non-contractible com- 
ponents and denote the conjugacy classes of subgroups of Fn represented by them by 
[Ui],---,[Uk]. We thus define 

k 
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Note that rk(rtl {r]H,VL)) — J2i=i ^^ivUi) = J2'i=i i'k(C^i)- ^ connected components of 
Ah X Ai are contractible, define rh {tihjTIl) — 0. We can extend iti by homogeneity to 
the set of rational subset currents as 

ftl {cirjH, C2VL) C1C2 rh {rjH, rjL)- 

Note that rh {cirjH,C2r]L) =rh {c2r/L,cirjH) and that rh {cir/H,C2r/L) = if at least one of 
H, L is infinite cyclic. A particularly intriguing question is the following: 

Problem 10.4. Docs the map fh extends to a continuous function 

rh: 5Curr(FAr) x 5Curr(Fjv) ^ 5Curr(FAr)? 

If yes, then composing rh with the reduced rank functional rk would give us a continuous, 
bilinear and symmetric "intersection functional" J := rko rh 

J : 5Curr(F7v) x SCvltt{Fn) M. 

Moreover, in view of Mineyev's recent proof of the Strengthened Hanna Neumann Con- 
jecture [58) . it would follow that for any ^i, ^2 G iSCurr(i^Ar) we have 

J{lJ-i,lJ-2) < rk(^i)rk(^2). 



10.5. Random subgroup graphs and uniform currents. Let A be a free basis of F^. 

Let ^ = X1X2 ■ ■ .Xn - • ■ £ dFff be a "random" geodesic ray over A^^, that is, ^ is a 
random trajectory of the non-backtracking simple random walk on Fjy corresponding to 
A. Denote — xi . . . Xn £ F^. It is shown in 00] for a.e. ^ G dF^ wc have 

lim — mA in Curr(i^jv) 

n— >oo fi 

where niA G Curr(_F7v) is the uniform current on Fjq corresponding to A. For a random 
^ G dFjq we may think of (^|„} < Fff as a "random" cyclic subgroup of F^r. 

In Section [S] we have defined a family of uniform subset currents mA,d G iSCurr(_Fjv), 
for d = 2, . . . , 2N, where mA,2 = ttia G Curr(F/v). Recall that for a finite non-degenerate 
subtree K of the Cayley graph X of F/v with respect to A we have {K; mA,d) > if and 
only if if is a d-regular tree. 

Problem 10.5. Let 3 < d < 2N — 1. Define a reasonable discrete-time random process 
such that at time n it outputs a d-rcgular finite i?Ar-core graph A„ with lim„^oo i^VAn = 
00 and show that for a.e. trajectory of this process we have 

1™ iH'^l = ^A.d in 5Curr(Fjv). 

The same problem is also interesting for the absolute uniform current G 5Curr(Fjv)- 

Problem 10.6. Define a reasonable discrete-time random process such that at time n 
it outputs a finite i?Ar-core graph A„ with lim„^oo H^V An ~ 00 and show that for a.e. 
trajectory of this process we have 

1™ iH'^l = ™i 5Curr(Fjv). 

In particular, what happens when A„ is chosen using the Bassino-Nicaud-Weil [5] process 
for generating random Stallings subgroup graphs? 
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10.6. Dynamics of the Out(FAr)-action on P5Curr(i^Ar). For ordinary currents the 
dynamics of the Out (F/v)- act ion on PCurr(FAr) and the interaction of this dynamics with 
that of the Out(F/v)-action on cvjv turned out to be particularly useful. For PiSCurr(i^Ar) 
the dynamics of the Out(i^7v)-action appears to be more complicated than in the PCurr(Fjv)- 
case, particularly because, even without projectivization, Out(i^Ar) fixes the point rjpj^ G 
5Curr(Fw). 

In [57] R. Martin introduced the subset Mn C PCurr(FAr) as the closure in PCurr(i^Ar) 
of the set 

{[Vg] ■ 9 G is a primitive element}. 

It is easy to see that for every N > 2 TWat Q PCurr(FAr) is a closed Out(F/v)-invariant 
nonempty subset. In [33] it was shown that for > 3 jM^v is the unique smallest such 
subset, that is, whenever Z C PCurr(F/v) is nonempty, closed and Out(Fjv)-invariant, 
then Mn Z. 

As noted in Remark [XTil above, PCurr(i^Ar) C P5Curr(F/v) is a closed Out(i^Ar)- 
invariant subset and, similarly, Curr(i^Ar) C 5Curr(Fjv) is a closed Out(JAr)-invariant 
subset. The set {[r?Fjv]} is also a closed Out(i^Ar)-invariant subset of P5Curr(F/v), so that 
PiSCurr(F/v) contains at least 2 minimal nonempty closed Out(F/v)-invariant subsets. 

Problem 10.7. Let > 3. Characterize those [fj] e P5Curr(F/v) such that the closure of 
the Out(_F/v)-orbit in PiSCurr(F/v) contains Mn- Is it true that the closure of Out(F/v)[/i] 
contains A^at if and only if [fi] ^ [f^Fw]? 

As we note below, we do know that for every nontrivial finitely generated subgroup 
H < Fn of infinite index, the closure of Out{FN)[i]H] does contain Mn- 

Let A" > 3 and let (p e Out(F/v) be an atoroidal iwip (irreducible with irreducible 
powers) element. In this case it is known that ip has exactly two distinct fixed points in 
PCurr(FAr), the currents and [/it-]; moreover there are A+,A_ > 1 such that ipfi^ = 
A+/X-(- and ip~^H- = A_/i_. R. Martin proved [57^ that the action of f on PCurr(_F/v) has 
"North-South" dynamics: If [/i] G PCurr(i^Ar), [/i] ^ then lim„_j.oo V'" [m] — and 
if [m] G PCurr(Fw), [/i] ^ then lim„^oo (^""N = [^^-]■ 

As observed above, by Remark [3. 141 we have ^± G Curr(F7v) C 5Curr(_FAr) and [^±] G 
PCurr(FAr) C P5Curr(FAr). 

The situation for P5Curr(F/v) is immediately complicated by the presence of the global 
fixed point [?/Fjv]- For example, for any ci, C2 > it is not hard to see that 

lim </7"[ci/i_ + C2?7Fjv] = b/F„] and lim (^""[ci/i+ + C2?7f„] = [vfn]- 

Problem 10.8. Let A^ > 3 and let if G Out(i^Ar) be an atoroidal iwip. Characterize those 
G P5Curr(FAr) for which 

lim (^"[/i] 

n— >oo 

Is it true that the above convergence holds for every [/i] G P5Curr(FAr) which is not of 
the form [ji] = [ci/i_ + C2?7Fjv] where ci, C2 > and |ci| + \c2\ > 0? 

Using the results of [8] we can show that \i H < Fn is a nontrivial finitely generated 
subgroup of infinite index, then 

lim v'"['7h] = and lim V3""[77if] = [/i-]. 

Since E Mn^ this fact does imply that the closure in PiSCurr(i^jv) of the orbit 

0\it{FN)[rjH] contains Mn- 
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10.7. Subset algebraic laminations. An algebraic lamination on Fn is a closed Fn- 
invariant subset of the space of 2-elenients subsets of (9F/v). Algebraic laminations proved 
to be useful objects in the study of Out(F7v) and of the Outer space. In particular, for 
every T d cvn there is a naturally defined dual lamination L'^{T) which records some 
essential information about the geometry of the action of F^ on T. 

For an arbitrary current fj, £ Curr(_FAr) its support is an algebraic lamination. It is 
proved in [46 that for /i e Curr(FAr) and T e cvat (T, /i) = if and only if Supp(/Lt) C 
L'^{T), and this fact plays a key role in understanding the interplay between the dynamics 
of Out(i^Ar)-actions on CVat and PCurr(i^Ar). 

By analogy with the set-up discussed above, we say that a subset algebraic lamination 
on Fn is a closed _FV-invariant subset of £jv. In particular, for any /i e SCvltt(Fn), the 
support Supp(/i) is a subset algebraic lamination. Here Supp(/i) := €n — U where U is 
the largest open subset of such that niU) — 0. 

Problem 10.9. Assuming that the answer to Problem 110.21 is positive, given T S cvjv 
does there exist a naturally defined subset lamination L^{T) C Cat which captures the 
information about all /i G iSCurr(_FV) with \\fi\\T — 0? Or at least some naturally defined 
subset lamination (T) C Cat which captures the information about all finitely generated 
H < Fn with ||i?||T = 0? If such a notion of Lg{T) does exist, how does L'g{T) look like 
for stable trees of various free group automorphisms? 

Note that for any reasonable definition of L'g{T) one expects to have L'^{T) C Lg^^-j. 

10.8. Approximation and weight realizability problem. We know by Theorem 15.81 
that any /i G iSCurr(_F/v) can be approximated by rational subset currents. It would be 
interesting to find explicit procedures (e.g. algorithmic or probabilistic) for producing 
such approximations in various specific contexts. 

Problem 10.10. Let A be a free basis of Fn and let m'^ be the corresponding absolute 
uniform current. Find a natural probabilistic process producing a sequence of core graphs 
A„ such that hm„^oo[AiA,J = [n^A] VSCmr{FN)- 

In 57 Martin proves that for a marking a : Fn i'i(r) and a nonzero geodesic current 
fj, G Curr(FN) we have {v;fj,)a G Z for every nontrivial reduced edge-path z; in F if and 
only if fi — rjg-^ -I- ■ • • -|- rjg^^ for some m > 1 and some nontrivial gi, . . . ,gm G Fn- It is 
natural to ask a similar question for subset currents: 

Problem 10.11. Let a : Fn — > ■'''i(r) be a marking and let fj, G iSCurr(F/v) be a 
nonzero subset current such that for every non-degenerate finite subtree if of F we have 
{K; fj,)a G Z. Does this imply that /i = rj^i + • • ■ + Vh,„ for some to > 1 and some nontrivial 
finitely generated subgroups Hi, ... , H„i < -FV? 

In the case of Curr(F;v), the proof uses Whitehead graphs for cyclic words. In the 
context of subset currents the corresponding objects turn out to be hyper-graphs, rather 
than graphs. 

Recall that a hyper-graph G is a pair (V, E), where V is the set of vertices and E is 
the set of hyper-edges. Every hyper-edge e is a nonempty subset of V, whose elements 
are said to be incident to e in G. We can also think of e as the characteristic function of 
this subset, so that e : V — {0, 1} with e(v) = 1 if and only if v is incident to e. 

Now let a : Fn ^ T^ii^) be a marking, let AT = F and let K G /Cr be a finite non- 
degenerate subtree of X. Recall from Section [9] that l{K) denotes the number of interior 
vertices in K. 

We say that an interior vertex a; of X is a boundary-interior vertex of X if a; is an 
interior vertex of AT, x is adjacent to a terminal edge of K and removing from K all 
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terminal edges of K incident to x produces a tree in which x has degree 1. That is, x is 
an interior vertex of K and the degree of x in X is equal to p + 1 where p is the number 
of terminal edges of K incident to x. Note that every finite K with l{K) > 2 always has 
at least one boundary-interior vertex. For each boundary-interior vertex x oi K let Ux be 
the set of topological edges of K that connect x to vertices of degree 1 of K . Let be 
obtained from K by removing all the edges of Ux- Thus K = U Ux- Note that a; is a 
vertex of degree 1 in Kx, so that i{Kx) = m — \. 

For each m > 2 define the level-m initial hyper-graph Ga,m as follows. The vertex set 
of Ga,m{lj) is the set Zm-i of all FAr-translation classes [K] where K £ ICr is a tree with 
l{K) = m. The hyper-edge set is Zm- Every [K'] G Zm defines the incidence function 
e[K'] ■ Zm-i — > {0, 1} as follows. For [K] E Z,n-i e[K']{[K]) = 1 if and only if there is a 
boundary- interior vertex x of K' such that [K'^] — [K]. 

For m — 1 we can also define Ga,i in a similar way. The vertex set is Zq and the hypcr- 
edge set is Zi, but the incidence is defined slightly differently. Namely, for [K'] e Zi and 
an element [K] G Zq (note that K is necessarily a single topological edge oi X) we have 
e[^/]([i4r]) = 1 if and only if there is a topological edge of K' which is an F/v-translate of 
K. 

For m > 1, a weighted level-m initial hyper-graph consists of the hyper-graph Ga.m 
endowed with the weight functions 9 : Zm~i IR>o and 9 : Z^ — >■ R>o- 

Every current /i G 5Curr(i^Ar) defines a weighted hyper-graph Ga,milJ'), with the weight 
functions 0([A^']) := 0i[K]) := {K;fj.)^, where [K'] G Z^, [K] G 

Problem 10.12. Let m > 1 and let {Ga,m,9) be a weighted initial level-m hyper-graph 
such that the weight function 9 is Z>o-valued and satisfies the Kirchoff condition (see 
Proposition I3.1l( ) for every [A'] G ^m-i- Does there exist a finite F-core graph A such 

that (Ga.m.d) = Ga,m(A'A)? 

As shown in [40], in the Curr(i^Ar) context the analog of the above question has positive 
answer. In that case initial hyper-graphs are directed graphs and the Kirchoff condition 
implies the existence of an Euler circuit in every connected component of the graph, when 
the weights are treated as multiple edges. However, it is not clear what might serve 
as a substitute for Euler's theorem in the hyper-graph context, and even the proof of 
Theorem 15.81 does not appear to help with Problem llO.121 
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